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Abstract. This article provides some basic results on weight 
structures, weight complex functors and homotopy categories. We 
prove that the full subcategories KiA)""^", KiA)"^^", K{Ay and 
K{A)^ (of objects isomorphic to suitably bounded complexes) of 
the homotopy category K{A) of an additive category A are idem- 
potent complete, which confirms that {K{A)'"-°,K{Ay"-°) is a 
weight structure on K{A). 

We discuss weight complex functors and provide full details of 
an argument sketched by M. Bondarko, which shows that if w is 
a bounded weight structure on a triangulated category T that has 
a filtered triangulated enhancement T then there exists a strong 
weight complex functor T — >■ K (Z' (w))'^'^^^ . Surprisingly, in order 
to carry out the proof, we need to impose an additional axiom on 
the filtered triangulated category T which seems to be new. 
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1. Introduction 

The aim of this article is to provide and review some foundational 
results on homotopy categories, weight structures and weight complex 
functors. 

Weight structures were independently introduced by M. Bondarko in 
[BonlOj . and D. Pauksztello in |Pau08] where they are called co-t-struc- 
tures. Their definition is formally very similar to that of a t-structure. 
In both cases there is an axiom demanding that each objects fits into a 
triangle of a certain form. In the case of a t-structure these "truncation 
triangles" are functorial whereas in the case of a weight structure these 
"weight decomposition triangles" are not functorial. This is a technical 
issue but the theory remains amazingly rich. Weight structures have 
applications in various branches of mathematics, for example in alge- 
braic geometry (theory of motives), algebraic topology (stable homo- 
topy category) and representation theory, see e. g. the work of M. Bon- 
darko (e.g. |BonlOj ). J. Wildeshaus (e.g. |Wil09] ) and D. Pauksztello 
( [PauOSt IPaulOj ) and references therein; other references are [AT08J . 
[IY08] . |WW09l . [AITO] . [KNTO] . (MSSSSID], |AKTT] . 

A crucial observation due to M. Bondarko is that, in the presence 
of a weight structure w = (7~"'^o^ 'j-w>o^ ^^ ^ triangulated category T, 
there is a weak weight complex functor WC : T — )■ K^eak{^) where 
'v' = 7"^"-° n T"""-" is the heart of w and the weak homotopy cate- 
gory i^weakC^?) is a certain quotient of the homotopy category K{^). 
M. Bondarko explains that in various natural settings this functor lifts 
to a "strong weight complex functor" T — )■ K{'\^Y'^^^ (the upper index 
does not appear in |BonlOj : it will be explained below). We expect 
that this strong weight complex functor will be an important tool. 

The basic example of a weight structure is the "standard weight 
structure" {KiA)""-^, KiA)""-^) on the homotopy category K{A) of 
an additive category A; here K{A)^-'^ (resp. i^(^)"'-") is the full 
subcategory of K{A) consisting of complexes X = {X\d'' : X* — )■ 
X*"*"^) that are isomorphic to a complex concentrated in degrees < n 
(resp. > n) (for fixed n G Z). The subtle point to confirm this example 
(which appears in [BonlOj and [PauOSj ) is to check that KlA)"^-^ and 
K{A)'^-'^ are both closed under retracts in K{A). 

This basic example was our motivation for the first part of this article 
where we discuss the idempotent completeness of (subcategories of) 
homotopy categories. Let A be an additive category as above. Then a 
natural question is whether K{A) is idempotent complete. Since K{A) 
is a triangulated category this question can be rephrased as follows: 
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Question 1.1. Given any idempotent endomorphism e : X — )■ X in 
K{A), is there an isomorphism X = E (B F such that e corresponds to 

We do not know the answer to this question in general We can show 
that certain full subcategories of K{A) are idempotent complete: 

Theorem 1.2 (see Thm. 13.11) . The full subcategories K{A)^-"' and 
K{A)^-"' of K{A) are idempotent complete. In particular K{A)^ := 
U„e^i^(^)"-". K{Ay := Unez^M)"-" «^^ K{Af- := KiA)- H 
K{A)^ are idempotent complete. 

Possibly this result is known to the experts but we could not find 
a proof in the literature. Our proof of this result is constructive and 
based on work of R. W. Thomason jTho97j and ideas of P. Balmer and 
M. Schlichting [BSOT] . Theorem O implies that {K{A)'"^'^,K{A)'"^'^) 
is a weight structure on K{A) (see Prop. 14.61) . 

Another approach to Question 11.11 is to impose further assumptions 
on A. We can show (see Thm. 13.41) : K{A) is idempotent complete 
if A has countable coproducts (this follows directly from results of 
M. Bokstedt and A. Neeman [BN93J or from a variation of our proof 
of Theorem 11.21) or if A is abelian (this is an application of results 
from [BR07J and |LC07j ). If A itself is idempotent complete then 
projectivization (see |Kra08j ) shows that the full subcategory K{A)^ 
of K{A) of complexes that are isomorphic to a bounded complex is 
idempotent complete. 

It may seem natural to assume that A is idempotent complete and 
additive in Question II. 1[ However, if A^'^ is the idempotent comple- 
tion of A, then K{A) is idempotent complete if and only if K{A^'^) is 
idempotent complete (see Rem. [3^ . 

Results of R. W. Thomason |Tho97j indicate that it might be use- 
ful to consider the Grothendieck group Kq{K{A)) of the triangulated 
category K{A) for additive (essentially) small A. We show that the 
Grothendieck groups Ko{K{A)), Ko{K{Ay) and Ko{K{Ay) all van- 
ish for such A (see Prop. I4.12p . 

The second part of this article concerns weight complex functors. In 
the example of the standard weight structure {K{A)'^-'^, K{A)"'-^) on 
K{A), the heart 'v' is the idempotent completion of A (see Cor. 14.111) 
and the weak weight complex functor WC : T — )■ -ft'wcak(^) naturally 
and easily lifts to a triangulated functor WC : K{A) -)■ fC(^)''"*' 
(see Prop. 15. 9p : here the triangulated categories i^(^)^"*' and K{^) 
coincide as additive categories with translation but a candidate triangle 
X A y A Z ^ [1]X is a triangle in ir(^)^°" if and only if X ^ 
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Y — y Z — > [1]^ is a triangle in i^('v'). This functor WC is an 
example of a "strong weight complex functor" . 

Let us return to the general setup of a weight structure u; on a tri- 
angulated category T with heart Q?. Assume that T is a filtered trian- 
gulated category over T in the sense of |Bei87t App.]. The main result 
of the second part of this article is a complete proof of the following 
Theorem. 

Theorem 1.3 (see Thm. 17.11 and cf. |BonlOt 8.4]). Assume that w is 



bounded and that T satisfies axiom (feat?) stated in Section \77^ Then 



there is a strong weight complex functor 

WC : r ^ K^^)""''''. 

This means that WC is a triangulated functor whose composition with 
^fe^(^^anti _j, K^cakC^) is isomorpMc to the weak weight complex func- 
tor (as a functor of additive categories with translation) . 

Our proof of this theorem relies on the ideas of A. Beilinson and 
M. Bondarko sketched in |BonlOt 8.4]. We explain the idea of the 



proof in Section 17.11 The additional axiom (fcat7) imposed on T in 
Theorem 11.31 seems to be new. It states that any morphism gives rise 
to a certain 3 x 3-diagram; see Section 17.21 for the precise formulation. 
It is used in the proof of Theorem 11.31 at two important points; we do 
not know if this axiom can be removed. 

We hope that this axiom is satisfied for reasonable filtered triangu- 
lated categories; it is true in the basic example of a filtered triangu- 
lated category: If A is an abelian category its filtered derived category 
DF{A) is a filtered triangulated category (see Prop. 16. 3p that satisfies 
axiom (fcat7) (see Lemma [7.4p . 

In the short third part of this article we prove a result which natu- 
rally fits into the context of weight structures and filtered triangulated 
categories: Given a filtered triangulated category T over a triangu- 
lated category T with a weight structure w, there is a unique weight 
structure on T that is compatible with w (see Prop. 18. 3p . 

Plan of the article. We fix our notation and gather together some 
results on additive categories, idempotent completeness, triangulated 
categories and homotopy categories in Section [2J we suggest skimming 
through this section and coming back as required. Sections [3] and H] 
constitute the first part of this article - they contain the results on 
idempotent completeness of homotopy categories and some basic re- 
sults on weight structures. The next two sections lay the groundwork 
for the proof of Theorem 1 1.31 In Section [5] we construct the weak weight 
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complex functor in detail. We recall the notion of a filtered triangu- 
lated category in Section [H] and prove some important results stated in 
|Bei87| App.] as no proofs are available in the literature. We prove 
Theorem 11.31 in Section [71 Section |8] contains the results on compatible 
weight structures. 
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2. Preliminaries 

For the definition of an additive category (with translation (= shift)), 
a functor of additive categories (with translation), and of a triangulated 
category see [KSOGj . 

2.1. (Additive) categories. Let ^ be a category and X an object 
of A. An object Y E A is a. retract of X if there are morphisms 
p : X ^- Y and i : Y ~^ X such that pi = idy. Then ip : X ^ X 
is an idempotent endomorphism. A subcategory B G A is closed 
under retracts (= Karoubi-closed) if it contains all retracts in A of 
any object of B. In this case S is a strict subcategory of A, i. e. it is 
closed under isomorphisms. 

Let ;B be a subcategory of an additive category A. We say that B is 
dense in A if each object of ^ is a summand of an object of B. We 
define full subcategories ^B, B-^ C ^ by 

^B = {Z eA\A{Z,B) = 0}, 
B^ = {Z eA\A{B,Z) = 0}. 
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2.2. Idempotent completeness. Let ^ be a category and X an ob- 
ject of A. An idempotent endomorphism e G End(X) splits if there 
is a splitting of e, i. e. there are an object Y E A and morphisms 
p : X ^ Y and i : Y ^ X such that ip = e and pi = idy. A splitting 
of e is unique up to unique isomorphism. If every idempotent endomor- 
phism splits we say that A is idempotent complete (= Karoubian). 
If A is additive, an idempotent e : X — )■ X has a splitting {Y,p, i) and 
1 — e has a splitting {Z,q,j), then obviously (i,j) : F © Z — ;■ X is 
an isomorphism with inverse [f]. In particular in an idempotent com- 
plete additive category any idempotent endomorphism of an object X 
induces a direct sum decomposition of X. 

Any additive category A has an idempotent completion (= Ka- 
roubi completion) {A^^, i), i. e. there is an idempotent complete additive 
category A^^ together with an additive functor i : A ^ A^'^ such that 
any additive functor F : A ^ C to an idempotent complete additive 
category C factors as F = i o F"^ for an additive functor F^^ : A^"^ — )■ 
C which is unique up to unique isomorphism; see e. g. [BSOlj for an 
explicit construction. Then i is fully faithful and we usually view A as 
a full subcategory of A^"^; it is a dense subcategory. Conversely if A is 
a full dense additive subcategory of an idempotent complete additive 
category B, then B together with the inclusion A^-> B is an idempotent 
completion of A. 

2.3. Triangulated categories. Let T (more precisely (T, [1]) together 
with a certain class of candidate triangles) be a triangulated cate- 
gory (see jKSOGl Ch. 10], [NeeOlj . |BBD82j l We follow the termi- 
nology of |Nee01j and call candidate triangle (resp. triangle) what is 
called triangle (resp. distinguished triangle) in |KS06j . We say that a 
subcategory 5 C T is closed under extensions if for any triangle 
X ^Y ^ Z ^ [1]X in r with X and Z in S we have Y eS. 

2.3. L Basic statements about triangles. 

Lemma 2.1. Let X ^ Y ^ Z ^ [l]X be a triangle in T. Then 

(1) h = if and only if there is a morphism e : Y ^ X such that 
ef = idx- 

Let e : y — 7- X be given satisfying ef = idx ■ Then: 

(2) There is a unique morphism 6 : Z ^ Y such that e6 = and 
g5 = idz- 
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(3) The morphism 
(2.1) x^^^Y^^^Z^^^[l]X 



id 



\i 



1 1-3-1 r 1 



z 







X ^^ x®z ^^ Z -^^ [1 



id 



[1]X 



X 



is an isomorphism of triangles and [I] is invertible with inverse 
[ / <5 ] . Under the isomorphism [g~\ : Y ^ X Q) Z the morphism 
e corresponds to [ i o ] : X ® Z ^ X and the morphism 5 to 

Yi] -.z ^X®Z. 

Proof. If ef = idx then h = id[i]x oh = [1]e o [1]/ o h = 0. li h = 
then use the cohomological functor Honi(?,X) to find e. 

Let e : Y -^ X he given satisfying ef = idx- The morphism fl2.ll) is a 
morphism of candidate triangles and even of triangles since coproducts 
of triangles are triangles (e.g. |Nee01l Prop. 1.2.1]). Hence [g] is an 
isomorphism. 

For any 6 : Z ^ Y satisfying e6 = and g6 = idz we have 
[g][/<5] = [oi]. Hence 5 is unique if it exists. 

Let [ab] be the inverse of [g]. Then idy = ae + bg and hence 
/ = idy / = aef + bgf = a; on the other hand [li] = [sjf"^] = 
Pj ^ ] = [o gb] • Hence b satisfies the conditions imposed on 6. D 

We say that a triangle X ^ Y ^ Z ^>- [l]X splits if it is isomorphic 

[1] 
(by an arbitrary isomorphism of triangles) to the triangle X y X © 

[o i] 
Z > Z -^ [1]-^- This is the case if and only if /i = as we see from 

Lemma 12.11 

Corollary 2.2 (cf. [LC^nTi Lemma 2.2]). Let e : X ^ X be an idem- 
potent endomorphism in T. Then e splits if and only if 1 — e splits. In 
particular, an object Y is a retract of an object X if and only if Y is a 
summand of X . 

This corollary shows that the question of idempotent completeness 
of a triangulated category is equivalent to the analog of Question 11.11 

Proof. Let (Y,p,i) be a splitting of e. Complete i : Y -^ X into a 

triangle y — )■ X — > Z — )■ \l\Y . Lemma [2.11 (l2]) applied to this triangle 
and p : X ^Y yields a morphism j : Z ^ X and then Lemma 12.11 (jS]) 
shows that {Z, q,j) is a splitting of 1 — e. D 
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Proposition 2.3 ([BBD821 Prop. 1.1.9]). Let {X, Y, Z) and {X', Y', Z') 
be triangles and let g : Y ^ Y' be a morphism in T: 



(2.2) 



X 



X' 



^Y 



(1) 9 



(2) h 



[l]X 



Y' 



Z' 



[1]/ 



[l]X' 



The following conditions are equivalent: 

(1) v'gu = 0; 

(2) there is a morphism f such that (1) commutes; 

(3) there is a morphism h such that (2) commutes; 

(4) there is a morphism (/, g, h) of triangles as indicated in diagram 

(O- 

// these conditions are satisfied and Hoin([l]X, Z') = then f in ^ 
and h in ^ are unique. 

Proof See |BBD82l Prop. 1.1.9]. D 

Proposition 2.4 ( JBBD82] 1.1.11]). Every commutative square 

X -F 



X' 



Y' 



can be completed to a so called 3 x 3- diagram 

[1]X' -^[1]^' ^[l]Z' -[2]X' 

A 







X" 



X 



Y" 



Y 



X' 



Y' 



Z" 



Z 



\\\X" 

A 



\\\x 

A 



[1]^', 



i. e. a diagram as above having the following properties: The dotted ar- 
rows are obtained by translation [1], all small squares are commutative 
except the upper right square marked with which is anti-commutative, 
and all three rows and columns with solid arrows are triangles. (The 
column/row with the dotted arrows becomes a triangle if an odd number 
of its morphisms is multiplied by —I.) 
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Variation: Any of the eight small commutative squares in the above 
diagram can be completed to a3x 3-diagram as above. It is also possible 
to complete the anti- commutative square to a 3 x 3 diagram. 

Proof. See [BBD821 1.1.11]. To obtain the variations remove the col- 
umn on the right and add the [— l]-shift of the "Z-column" on the left. 
Modify the signs suitably. Iterate this and use the diagonal symme- 
try. D 

2.3.2. Anti-triangles. Following |KS06t 10.1.10] we call a candidate tri- 
angle X A y 4 Z -^ [1]X an anti-triangle if X 4 F A Z ^ [l]X 
is a triangle. Then (T, [1]) with the class of all anti-triangles is again 
a triangulated category that we denote by (J~^'°^\ [1]) or T"'^"*'. The 
triangulated categories T and 7"^°*' are equivalent as triangulated cat- 
egories (cf. jKSOHl Exercise 10.10]): Let F = idr : T ^ T be the 
identity functor (of additive categories) and r : F[l] ^ [1]F the iso- 
morphism given by tx = -id[i]x : [l]X = F[1]X ^ [1]X = [l]FX. 
Then 

(2.3) (idr, T):r^ T"^*' 

is a triangulated equivalence. 

2.3.3. Adjoints are triangulated. Assume that (G,7) : T — t- 5 is a 
triangulated functor and that F : 5 — )■ T is left adjoint to G. Let 

X eS. The morphism [1]X -^ [1]GFX ^^ G[1]FX (where the first 

morphism is the translation of the unit of the adjunction) corresponds 
under the adjunction to a morphism (px '■ -^[1]-^ ~^ [M-^-^- This 
construction is natural in X and defines a morphism (p : F[l\ ^ [1]F 
(which in fact is an isomorphism). We omit the tedious proof of the 
following Proposition. 

Proposition 2.5 ( \KV87i Prop. 1.6] (without proof); cf. [KS061 Exer- 
cise 10.3]). Let F be left adjoint to a triangulated functor (G,7). Then 
{F, ip) as defined above is a triangulated functor. 

Similarly the right adjoint to a triangulated functor is triangulated. 

2.3.4. Torsion pairs and t-structures. The notion of a t-structure |BBD82l 
1.3.1] and that of a torsion pair |BR07] on a triangulated category es- 
sentially coincide, see |BR07t Prop. L2.13]: A pair {X,y) is a torsion 
pair if and only if {X, [l]y) is a t-structure. We will use both terms. 
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2.4. Homotopy categories and variants. Let A be an additive cat- 
egory and C{A) ttie category of (cocliain) complexes in A with cochain 
maps as morphisms: A morphism f : X —¥ Y in C{A) is a sequence 
(/")nGZ of morphisms /" : X" ^ F" such that rf?^/" = /"+M^ for all 
n e Z (or in shorthand notation df = fd). 

Let f , g : X ^ Y he morphisms in C{A). Then / and g are homo- 
topic if there is a sequence h = {h'^)n£Z of morphisms h"" : X" — )■ Y""^^ 
in A such that f^—g^ = dy'^h'^ + h^'^^dx for all n e Z (or in shorthand 
notation f — g = dh + hd). The homotopy category K{A) has the 
same objects as C{A), but 



HomK(^)(X,F):= 



RomciA)iX,Y) 



{morphisms homotopic to zero} 



Let /, (? : X — )■ y be morphisms in C{A). Then / and g are weakly 
homotopic (see jBonlOl 3.1]) if there is a pair (s,t) of sequences s = 
(s")„gz and t = (t")„gz of morphisms s",t" : X" — ;■ y^^i such that 

for all n & Z (or in shorthand notation f — g = ds + td). The weak 
homotopy category i^weak(.4) has the same objects as C{A), but 



^^_^ Homc(^)(X,y) 

{morphisms weakly homotopic to zero} 



Homi^(^)(X,y) : = 



Remark 2.6. Let h and (s,t) be as in the above definition (without 
asking for f — g = dh + hd ot f — g = ds + td) . Then dh + hd : X ^ Y 
is homotopic to zero. But ds + td : X ^ Y is not necessarily weakly 
homotopic to zero: It need not be a morphism in C{A). It is weakly 
homotopic to zero if and only if dsd = dtd (which is of course the case 
ii f — g = ds + td). 

Note that weakly homotopic maps induce the same map on coho- 
mology. 

All categories C{A), K{A) and /('weak(-4) are additive categories. Let 
[1] : C{A) —7- C{A) be the functor that maps an object X to [1]X where 
([1]X)" = X"+i and d^^^x = -dj+^ and a morphism / : X -^ y to [1]/ 
where ([1]/)" = /"^^. This is an automorphism of C{A) and induces 
automorphisms [1] of i^(^) and K^e^kiA). The categories C{A), K{A) 
and K^eak{A) become additive categories with translation. Sometimes 
we write S instead of [1]. Obviously there are canonical functors 

(2.4) C{A) -^ K{A) -^ irweak(^) 

of additive categories with translation. 
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The category K{A) has a natural structure of triangulated category: 
Given a morphism m : M -^ N in C{A) we define its mapping cone 
Cone(m) oim to be the complex Cone(m) = A^© [1]^^ with differential 
[ drmf ] ~ [ '^(f -Hm ] ■ ■'■^ ^^^ ^^^° ^^^ following mapping cone sequence 

(2.5) M^^AT — Cone(m) — [1]M 

in C{A). The triangles of K{A) are precisely the candidate triangles 
that are isomorphic to the image of a mapping cone sequence fl2.5p in 
K{A); this image is called the mapping cone triangle of m. We will 
later use: If we rotate the mapping cone triangle for —m twice we 
obtain the triangle 

(2.6) [-l]N^^[-l]Cone{-my ^^ M ^^ N. 

In this setting there is apart from (12. 3p another triangulated equiv- 
alence between K{A) and K{AY'''': The functor S : C{A) ^ C{A) 
which sends a complex (X", d^) to (X", —d"^) and a morphism f to f 
descends to a functor S : K{A) A- K{A). Then 



anti 



(2.7) (^, id) : K(^) ^ K(^) 

(where id : ^[l] ^ [Ij^ is the obvious identification) is a triangulated 
equivalence: Observe that S maps (12.51) to 

S{Mf^I^S{N) — Cone(-5(m)) ^ [l]S{M) 

which becomes an anti-triangle in K{A). 

We introduce some notation: Any functor F : A ^ B oi additive 
categories obviously induces a functor Fc : C{A) — )■ C{B) of additive 
categories with translation and a functor Fk : K{A) — )■ K{B) of tri- 
angulated categories, li F : A ^ A is an endofunctor we denote these 
functors often by Fc{a) and Fk(a)- 

3. HOMOTOPY CATEGORIES AND IDEMPOTENT COMPLETENESS 

Let K{A) be the homotopy category of an additive category A. We 
define full subcategories of K{A) as follows. Let K'^-"'{A) consist of 
all objects that are zero in all degrees > n (where w means "weights"; 
the terminology will become clear from Proposition 14.61 below). The 
union of all K'^-^{A) for n e Z is K~{A), the category of all bounded 
above complexes. 
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Similarly we define K'^^'^iA) and K+{A). Let K\A) = K-{A) n 
K^{A) be the full subcategory of all bounded complexes. 

For * G {+,—,b,w < n,w > n} let K{A)* be the closure under 
isomorphisms of K*{A) in K{A). Then all inclusions K*{A) C K{A)* 
are equivalences of categories. 

We define K{A)^ := K{Ay n K{Ay (where 6w means "bounded 
weights"). In general the inclusion K{A)^ C KlA)^"^ is not an equiva- 
lence (see Rem. 13.21) . 

Theorem 3.1. Let A be an additive category andn G Z. The following 
categories are idempotent complete: 

(1) ir^^"(^), K^AY^"", K-{A), K{A)~; 

(2) ir^^"U), kIaY^"", K+{a), k{a)+; 

(3) K^A)"^. 

Remark 3.2. In general the (equivalent) categories K^{A) and K{Ay 
are not idempotent complete (and hence the inclusion into the idem- 
potent complete category K{A)^ is not an equivalence): Let mod(fc) 
be the category of finite dimensional vector spaces over a field k and 
let £ C mod(/c) be the full subcategory of even dimensional vector 
spaces. Note that K[£) C K{mod{k)) is a full triangulated subcate- 
gory. Then X i— )■ ^^g^(— 1)* dimiJ*(X) is well defined on the objects 
of K {m.o(\.{k)Y . It takes even values on all objects of K{S)^; hence 
[l^] : A;2 -> A;2 cannot split in ir(£)^ 

Remark 3.3. Let us indicate the ideas behind the rather explicit proof 
of Theorem 13.11 which might perhaps be seen as a variation of the 
Eilenberg swindle. 

Let T' be an essentially small triangulated category. R. W. Thoma- 
son shows that taking the Grothendieck group establishes a bijection 
between dense strict full triangulated subcategories of T' and sub- 
groups of its Grothendieck group Kq{T'), see |Tho97t Section 3]. 

Now let T'^ be the idempotent completion of an essentially small tri- 
angulated category T, cf. Section 12. 2t it carries a natural triangulated 
structure |BSOH Thm. 1.5]. The previous result applied to T' = T"^ 
shows that the vanishing of Ko{T^^) implies that T is idempotent com- 
plete; this was observed by P. Balmer and M. Schlichting [BSOlj 2.2-2.5] 
where they also provide a method that sometimes shows this vanishing 
condition. 

These resuhs show directly that K~{A), K{A)-, K+{A), K{Ay 
and K{AY^ are idempotent complete if A is an essentially small addi- 
tive category. 
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A careful analysis of the proofs of these results essentially gives our 
proof of Theorem 13.11 below. 

Proof. We prove ([T]) first. It is obviously sufficient to prove that 'J'^-^ : = 
K'^-"-(A) is idempotent complete. Let T := K~{A) and consider the 
endofunctor 

s-.r^r, 

X ^ 0[2n]X = X © [2]X © [4]X © . . . 

neN 

(it is even triangulated by |Nee01t Prop. 1.2.1]). Note that S is well 
defined: Since X is bounded above, the countable direct sum has only 
finitely many nonzero summands in every degree. There is an obvious 
isomorphism of functors S — )■ id©^]^. The functor 5* extends to 
a (triangulated) endofunctor of the idempotent completion T"^ of T, 
denoted by the same symbol, and we still have an isomorphism S ^ 
id(B[2]S. 

Now let M be an object of T"*"-*^ with an idempotent endomorphism 
e : M — )■ M. In T^^ we obtain a direct sum decomposition M = E® F 
such that e corresponds to [qq] : E ® F ^ E ® F. We have to show 
that E is isomorphic to an object of T"'"-". 

Since S preserves T"'"-", we obtain that 



■w<n 



(3.1) SM = SE®SF^{E®[2]SE)®SFeT 

where we use the convention just to write X G 7"""-" if an object 
X G T^'^ is isomorphic to an object of 7""'-". The direct sum of the 
triangles 

^SE \ SE^O, 
SE ->0 -^ [1]SE ^ [1]SE, 
SF -^SF ^ ^ [1]SF 

in T"^ is the triangle 

Tool hoi roil 

SE © SF ^^^4 SE © SF ^5JI4 SE © [1]SE ^^^ [1]{SE © SF). 

The first two vertices are isomorphic to SM G T"'"-". The mapping 
cone of a map between objects of T"""-" is again in 7""'-". We obtain 
that 



(3.2) SE © [l]SE G r 



■w<n 
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Applying [1] (which preserves T"*"-*^) to the same statement for F yields 

(3.3) [l]SF©[2]SFGr"'-". 

Taking the direct sum of the objects in (13. ip . (13.21) and (13.31) shows 
that 

E © [2]SE © SF®SE © [1]^^ © [l]SF © [2]SF 

=E © [SM © [1]SM © [2]SM] G T"'-". 

Define R:= SM® [1]SM © [2]SM which is obviously in T""-". Then 
the "direct sum" triangle 

R^R®E-^ e\ [l\R 

shows that E is isomorphic to an object of T"'"-". 

Now we prove ([2]). (The proof is essentially the same, but one has 
to pay attention to the fact that the mapping cone of a map be- 
tween objects of K'^-'^{A) is only in K'^-'^~^{A).) Again it is suffi- 
cient to show that 7""'-" := K^-^{A) is idempotent complete. Let 
T := K^{A) and consider the (triangulated) functor S : T ^ T, 
X ^ 0^gp^[-2n]A: = X © [-2]A: © . . . . It is well defined, extends 
to the idempotent completion T'^ of T, and we have an isomorphism 
S ^ id©[— 2]5' of functors. Let M in T"'"-" with an idempotent en- 
domorphism e : M — )■ M. In T^'^ we have a direct sum decomposition 
M = E®F such that e corresponds to [ J g ] : E®F ^ E® F. We 
have to show that E is isomorphic to an object of 7""'-". 

Since 5* preserves T"'"^"^ we obtain (with the analog of the convention 
introduced above) that 

(3.4) SM = SE®SF ^{E® [-2]SE) ® SF e T"'-". 
As above we have a triangle 

Tool hoi roil 

SE © SF ^^^ SE © SF ^^^ SE © [1]SE ^^^ [1]{SE © SF). 

The first two vertices are isomorphic to SM G T"'"-"; hence we get 
SE © [1]SE G r"'^"-^ or equivalently 

(3.5) [~l]SE®SEer'"^''. 

Applying [—1] (which preserves T"*"-*^) to the same statement for F 
yields 



(3.6) [-2]SF®[-l]SFer 



■w>n 
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Taking the direct sum of the objects in (13 .4^ . f l3.5p and (13.6p shows 

that 

E © [-2\SE © SF®[-l]SE ®SE® [-2]SF © [-l]SF 

=E © [SM © [-1]SM © [-2]SM] G T""-"". 

Define R := SM ® [-1]SM © [-2]5M which is obviously in T'"-". 
Then the "direct sum" triangle 

e^e®r-^r\ [1]E 

shows that [1]E is isomorphic to an object of T"'"^"-!. Hence E is 
isomorphic to an object of T"*"-". 

The statement (|3]) that KlA)^"^ is idempotent complete is a conse- 
quence of (dD and ([2]). D 

Theorem 3.4. Let A be an additive category. 

(1) If A is ahelian then K{A) is idempotent complete. 

(2) If A has countable coproducts then K{A) is idempotent com- 
plete. 

(3) If A is idempotent complete then K^{A) and K{A)^ are idem- 
potent complete. 

Remark 3.5. We do not know whether K{A) is idempotent complete 
for additive A (cf. Question II. ip . 

Remark 3.6. If A^"^ is the idempotent completion of an additive category 
A then K{A) is idempotent complete if and only if K{A^'^) is idempo- 
tent complete: This follows from R. W. Thomason's results cited in 
Remark [3.31 (note that K{A) C K{A^^) is dense) and Proposition 14. 121 
below. Hence in Remark 13.51 one can assume without loss of generality 
that A is idempotent complete. 

Proof. We prove ([1]) in Corollary 13.91 below. 

Let us show (|2]). Assume that A has countable coproducts. Then 
K{A) has countable coproducts; hence any idempotent endomorphism 
of an object of K{A) splits by |NeeOH Prop. 1.6.8]. Another way to see 
this is to use the strategy explained in Remark 13.31 More concretely, 
adapt the proof of Theorem 13.11 ([T]) in the obvious way: Note that the 
functor X i— )■ 0^gpj[2n]X is well-defined on K{A). 

For the proof of ^ assume now that A is idempotent complete. 
Since K^{A) C K[A)^ is an equivalence it is sufficient to show that 
K'^{A) is idempotent complete. 

Let C be an object of K'^{A). Let X := 0jg2 ^* ^e the finite direct 
sum over all nonzero components of C. Let addX C ^ be the full 
subcategory of A that contains X and is closed under finite direct 
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sums and summands. Since A is idempotent complete, Hom(X, ?) : 
A — 7- Mod(End(X)) induces an equivalence 

(3.7) Hom(X, ?) : add X ^ proj (R) 

where R = End(X) and proj(i?) is the category of all finitely generated 
projective right -R-modules (see |Kra08t Prop. 1.3.1]). 

Note that K'^{addX) is a full triangulated subcategory of K''{A) 
containing C. Equivalence (13. 7p yields an equivalence i^''(addX) A- 
K^(j)Toi{R)). The category i^^(proj(i?)) of perfect complexes is well 
known to be idempotent complete (e. g. |KS94t Exercise 1.30] or [BN93| 
Prop. 3.4]). This implies that any idempotent endomorphism of C 
splits. n 

In the rest of this section we assume that A is abelian. We use 
torsion pairs/t-structures in order to prove that K{A) is idempotent 
complete. 

Let K,^-^ C K{A) be the full subcategory of objects isomorphic to 
complexes X of the form 

^ — ^ x-2 — ^ x-1 — ^ x° — ^ x^ — ^ • • • 



with X" in degree zero and d~^ the kernel oi d~^. (Here /C stands for 
"kernel" and "/i > 0" indicates that the cohomology is concentrated in 
degrees > 0.) 

Let C^-^ C K{A) be the full subcategory of objects isomorphic to 
complexes X of the form 

x-1 ^^- XO ^^ X^ ^^ X2 • • • 



with X° in degree zero and d} the cokernel of d^ . (Here C stands for 
"cokernel" and "/i < 0" indicates that the cohomology is concentrated 
in degrees < 0.) 

Define C^^" := \-n]C^^^ and /C^^" := [-n]/C^^°. 

Lemma 3.7 (cf. Example after |BR07l Prop. 1.2.15]). Let A he abelian. 
Then 

k := {K{Ar^^, K!"^^) and c := {C^^-\ ir(^)'"^°) 

are torsion pairs on K{A) . 

Remark 3.8. It is easy to see that the torsion pair k of Lemma 13.71 
coincides with the torsion pair defined in the Example after |BR07t 
Prop. 1.2.15]: An object X G K{A) is in K{A)'^^'' (resp. /C''^") if and 
only if the complex Hom(y4, X) of abelian groups is exact in all degrees 
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> n (resp. < n) for all A & A. The categories C^-"^ and K{A)^-'^ can 
be characterized similarly. 

Proof. Let {X ,y) be the pair k or the pair [l]c := {C^^-^,K{AY'^-^). 
Let / represent a morphism X — )■ F with X E X and F G 3^. Then 
the diagram 

X: 

f 

Y : 

shows that / is homotopic to zero; hence Homx(^)('^, 3^) = 0. It is 
obvious that X is stable under [1] and 3^ is stable under [—1]. 

We need to show that any object A = {A\d^) of K{A) fits into a 
triangle X ^ A^Y ^ [1]X with X eX andY ey. 

• Case {X, y) = k: Let / : M -> A° be the kernel of d^ : A^ ^ 
A^; then there is a unique morphism g : A^^ — > M such that 
d-' = fg. 

• Case {X,y) = [l]c: Let g : A'^ -)■ M he the cokernel of 
(i~^ : A~^ — 7- A^^; then there is a unique morphism / : M — )■ A" 
such that d~^ = fg. 

The commutative diagram 



X 



A 



Y 



A-^ 
1 

f 

A'^ 



[1]X: 



A 



-1 



A-' 

1 

9 

M- 



M- 



M 







A^ 







rfO 






A' 











^2 



^2 







defines a candidate triangle X— J-A— J-F— )■ [l]Xin i^(^). It is easy 
to check that it is in fact a triangle. D 

Corollary 3.9. Let A be an ahelian category and n G Z. Then K{A) 
is idempotent complete, and the same is true for /C'^-" and C^-". 

Proof. Let {X , y) be one of the torsion pairs of Lemma [3.71 

Let e : A — !■ A be an idempotent endomorphism in K{A). The 
truncation functors tx '■ K{A) — t- X and Ty : K{A) — )■ y yield a 
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morphism of triangles 






A 



A 



ry{A) - 
ry{A) - 



[l]rx{A) 
[^]rx{A). 



All morpliisms Tx{e), e, Ty{e) are idempotent and Tx{e) and ^^(e) split 
by Theorem Q ( since / C^^" C K{AY-'^-'^ and C'*^" C K{AY-''^'^). 
Hence e splits by |LC07[ Prop. 2.3]. This shows that K{A) is idempo- 
tent complete. 

Since X = y and y = X-^ for any torsion pair this implies that X 
and 3^ are idempotent complete. D 

4. Weight structures 

The following definition of a weight structure is independently due 
to M. Bondarko |BonlO] and D. Pauksztello |Pau08] who calls it a 
co-t-structure. 

Definition 4.1. Let T be a triangulated category. A weight struc- 
ture (or w-structure) on T is a pair w = (J~^^^^ 'y-w>o-j ^^ ^.^^ f^jj 
subcategories such that: (We define T"'-" := [-n]r'"-^ and T'"-" := 

(wsl) 7""'-'' and 7"^"-° are additive categories and closed under re- 
tracts in T; 
(ws2) T""-^ C T""^^ and T""^^ C r"'^°; 
(ws3) Homr(r'"^\ r"'^°) = 0; 
(ws4) For every X in T there is a triangle 

A^ X ^ B ^ [1]A 

in r with A in T""^^ and 5 in T'^^^. 

A weight structure w = (7~"'^o^ 'y-«)>o-j jg bounded above if T = 
Unez '^"'-" and bounded below if T = Unez '^"'-"- I* is bounded 
if it is bounded above and bounded below. 

The heart of a weight structure w = {J"^^^ ^ ■-j-w>o^ ^^ 



^{w) 



r 



TO=0 



q-w^U Pi q-'i 



w>0 



A weight category (or w-category) is a pair (T, w) where T is a 
triangulated category and w is a weight structure on T. Its heart is 
the heart of w. 

A triangle A ^ X ^ B ^ [1]A with A in r"'>"+i and B in T"'^" 
(cf. (ws4) ) is called a weight decomposition of X, or more precisely 
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a. {w > n + l,w < ?2)-weight decomposition or a weight decom- 
position of type {w > n + 1, w < n) oi X . It is convenient to write 
such a weight decomposition as w>„+iX — )■ X — )• w<„X — )• [l]u7>„+iX 
where w>n+iX and w<nX are just names for the objects A and B 
from above. If we say that w>n+iX — )• X — )■ tf<nX — )• [l]t(;>„+iX is a 
weight decomposition without specifying its type explicitly, this type 
is usually obvious from the notation. 

The heart ^{w) is a full subcategory of T and closed under retracts 



in T by (wsl) 

We will use the following notation (for a,beZ): T"'^'"'^' := T" '-^ H 
Yw>a^ q-u,=a ._ q-w<^[a,a]_ Notc that T""^!"'^! = if 6 < tt by |(ws3)[ For 
X G T'"^'"'^! we have idx = 0. 

Definition 4.2. Let T and 5 be weight categories. A triangulated 
functor F : T — 7- 5 is called w-exact (or weight-exact) if F{1"^-^) C 

4.1. First properties of weight structures. Let T be a triangu- 
lated category with a weight structure w = (7~«'<o^ 7~"'>0). 

Lemma 4.3 (cf. |BonlOt Prop. L3.3] for some statements). 

(1) LetX ^Y ^ Z ^ [l]X be a triangle m T. If Z e T'"-" and 
X G 7""'-" then this triangle splits. 

In particular any triangle X ^ Y ^- Z ^ [1]X with all 
objects X, Y, Z in the heart ^(w) splits. 
Let 

(4.1) W>n+lX A X 4 W<nX 4 [l]w>„+iX 

be a {w >n + l,w < n)-weight decomposition of X , for some n G Z. 

(2) IfX IS m T"'-", then w<nX = X © [l]w>„+iX 

(3) IfX IS m r'^>^+\ then w>„+iX = X © [-l]w<„X. 

(4) For every n ^ "Z we have 

fA n\ /'--T-«i>n+l\± '-i-w<n 

fA o\ -^ r'-j—w<n\ '-j-w>n+l 

In particular 'J'^^^ and 7~"'>"+i are closed under extensions. 

(5) Assume that a < n < b (for a,b E Z) and that X G T'"'^^°"^l 
Then w<nX G T'^ela.n] ^^^ w>n+iX G r"'^l"+i'^l. 

More precisely: If a < n then X G T"'"-" implies w<nX G 
q-w&iaM ^^^^ obviously w>n+iX G r'"^"+^ C r'">^). Ifn < b 
then X G T""-^ implies (obviously w<„X G T""-" C T""-^ and) 

w>„+iXGr"'^["+i'^]. 
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(6) Let a,b,n G Z. For X G T""-" (resp. X G T""-^ or X e 
'j-w£ia,b]j ifiQj-Q is a {w > n + l,w < n)-weight decomposition 



( 14. ip of X such that both w>n+iX and w<nX are in "J"^^"- (resp. 
in 1~'^-^ or 'T'^^l'^M ) 



Proof. By |(ws3)| we have /i = in (II]), / = in ([2]) and ^ = in ([3]); 
use Lemma [2.11 

We prove (j3]). Axiom (ws3) shows that the inclusions D in fl4.2p and 
( 14. 3 p are true. Let X E T and take a weight decomposition ( 14. ip of 
X. If X G (7~"'>"+i)-'- then / = by (ws3) hence X is a summand of 

w<nX G T'"^" and hence in T""^" by |(wsl)[ Similarly X G ^(T"'^") 
implies f? = so X is a summand of w>n+iX G 7~'^^"+i and hence in 

Let us prove ([5]): Since X G T""-" and [l]w>„+iX G T"'-" C T"'-'' 
and 7""'-'' is closed under extensions by (j4]) we have w<nX G T"'"^'"'"'. 
Turning the triangle we see that w>n+iX is an extension of [— l]u7<„X G 

We prove (E]): Assume X G T""*-". If a < n any such weight decom- 
position does the job by (|5]); if a > ra take X — > X — )■ — )■ [1]X. 

Assume X G r"'-^ If n < 6 use ([5]); if 6 < n take ^ X ^ X ^ 0. 

Assume X G T"""^!"'^]. The case a > 6 is trivial since then X = 0. So 
assume a < b. li a < n < b use (|5]); if a > n take X — )■ X — ;■ — ;■ [1]X. 
if 6 < n take O^X^X^O. D 

Corollary 4.4. Let {V'"^^,V'"^^) and (r'^^o, T"'-") k two weight 
structures on a triangulated category. If 

then these two weight structures coincide. 
Proof. Our assumptions and ( 14. 2 p give 

Similarly we obtain T""-^ C 2^"'-°. D 

The following Lemma is the analog of [BBD82[ 1.3.19]. 

Lemma 4.5. Let T' be a full triangulated subcategory of a triangulated 
category T . Assume that w = (J">^^^^ 'y-«)>o-j ^^ ^ weight structure on 
T. Let w' = (T' n T"""-", T' n T'^^^O). Then w' is a weight structure on 
T' if and only if for any object X eT' there is a triangle 

(4.4) w>iX ^X ^w<qX ^[l]«;>iX 

in T' that is a weight decomposition of type (tu > l,w < 0) in {T,w). 
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// w' is a weight structure on T' it is called the induced weight 
structure. 

Proof. If w' is a weight structure on T' weight decompositions in (T', w') 
are triangles and yield weight decompositions in {T,w). 

Conversely let us show that under the given condition w' is a weight 



structure on T'. This condition obviously says that w' satisfies (ws4) 
If y is a retract in T' of X G T' fl 7"*"-°, it is a retract of X in T and 
hence Y G T"""-". This proves that T' fl 7"^"-° is closed under retracts 



in T', cf. (wsl) The remaining conditions for w' being are weight 



structure are obvious. D 

4.2. Basic example. Let A be an additive category and K{A) its 
homotopy category. We use the notation introduced in Section [SJ 

Proposition 4.6 (cf. |BonlO] . |Pau08] ). The pair 

is a weight structure on K{A). 

It induces (see Lemma \4-5{ ) weight structures on K*{A) for * G 
{+, -, b} and on K{A)* for * G {+, -, b, bw}. 

All these weight structures are called the standard weight struc- 
ture on the respective category. 

Remark 4.7. The triangulated equivalence (12. 7p between K{A) and 
K{A)^^^^ allows us to transfer the weight structure from Proposition 14. 61 
to K(A)^^^\ This defines the standard weight structure 

{K{A)''''^'''"-°, ir(^)^""'"'^°) 

on KiAY""''. We have ir(^)^'^*i'"'^° = K{A)'"^'^ and i^(^)'^^ti'"'>o = 
K{A)'^-'^. Similarly one can transfer the induced weight structures. 



Proof Condition [(wsl)) It is obvious that both KiA)""-^ and K{A)'"-'^ 
are additive. Since they are strict subcategories of K{A) and idem- 
potent complete by Theorem 13. Ij they are in particular closed under 



retracts in K{A). Conditions (ws2) and (ws3) are obvious. 

We verify condition |(ws4)| explicitly. Let X = {X\d'' : X* -)■ X*+^) 
be a complex. We give {w > n + l,w < n)-weight decompositions of 
X for any n & "L. The following diagram defines complexes w<„(X), 
w.>n+i{^) ^'iid cL mapping cone sequence [— l]u;<„(X) — ;■ w>n+i(-^) ~^ 
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X^w^niX) inC(^): 

-l]w<niX): 

w>n+i{X) : 

X : 

Passing to K{A) and rotation of the triangle yields the weight decom- 
position we need: 

(4.5) 

w>n+i{X) : 




vn+l ^ 'y'n+2 



X : 

W!<„(^) : 



X 



X 



, 


d"~^ 


n-i 


-^^x 


1 




' 


jn-1 ' 


n.-i 


J^-^X 


, 


■ 



d" 



X 



n+1 



^n + l 



X 



n+2 







X 



n+1 



-d"+i 



X 



n+2 



_^n + 2 



X 



71+3 



The statements about the induced weight structures on K*{A) and 
K{A)* for * G {+,—,6} are obvious from (14. 5p and Lemma [4.5[ For 

D 



K{A)^ use additionally Lemma 1131 (E]). 

We continue to use the maps «;<„ and w_y^j^i on complexes intro- 
duced in the above proof. Define w>„ := u;>„+i, w_^n •= 'Ul<n-i^ 
m.[a,b] = w>al^<b = w<bUl>ai and w^ = W[„_„]. The triangle 1^ will be 
called the w-weight decomposition of X. 

Remark 4.8. Note that «;>„ and «;<„ are functorial on C{A) but not 
at all on K{A) (if A ^ 0): Take an object M E A and consider its 
mapping cone Cone(idM)- AH objects Cone(idM) (for M E A) are 
isomorphic to the zero object in K{A). If w<q were functorial, all 
w<Q(Cone(idM)) = M were isomorphic, hence ^=0. 



HOMOTOPY CATEGORIES AND WEIGHT COMPLEX FUNCTORS 23 

Remark 4.9. Assume that A is an abelian category and consider the 
following four subcategories of K{A): 

The two outer pairs are torsion pairs on K{A) by Lemma [3.71 the pair 
in the middle is (up two a swap of the two members and a translation) 
the standard w-structure on K{A) from Proposition 14.61 In any pair 
of direct neighbors there are no morphisms from left to right; more 
precisely the left member is the left orthogonal of the right member 
and vice versa. 

In the terminology of [BonlOi Def 4.4.1], the t-structure {K{A)'"-'^, /C^-°^ 



and the (standard) w-structure (KiA)""-^, KiA)""-^) on K{A) are left 
adjacent (i.e. their left aisles coincide) to each other. Similarly, the t- 
structure (C^^^, KiA)""^^) and the (standard) w-structure (ir(^)"'^°, K{A)'"^'^) 
on K{A) are right adjacent to each other. 

Lemma 4.10. Let X e K{A) and a,b e Z. If X e KiA)""^^"'^^ then 
X is a summand of Wj^g^^{X) in K{A). 

Proof. Let X e K{A)'"^^'''''l li a > b then X ^ = w^a,b]i^)- Assume 
a<b. Lemma lU ([2D gives w<f,(X) = X © [l]w^^{X). Observe that 
[l]^>fe(X) G KiA)""^^ C ir(^)™^". Hence w^^{X) G KiA)""^". Now 
Lemma |4I3]([3]) shows that w^a,b]i^) = w<bi^) © [-Mw<ai^)- □ 

We view ^ as a full subcategory of K{A), namely given by all com- 
plexes concentrated in degree zero. 

Corollary 4.11. The heart "v* of the standard weight structure on 
K{A) is the idempotent completion of A. 

The same statement is true for the standard weight structure on 
K{Ay for * G {+, -, bw} (and for that on K*{A) for * G {+, -}). 

The heart of the standard weight structure on K{A)'' (resp. K^{A)) 
is the closure under retracts of A in K{A)^ (resp. K^{A)). 

Proof. Since K{A)^'^ is idempotent complete (Thni. 13. ip and the heart 
^ is contained in K{A)^^ and closed under retracts in K{A) it fol- 
lows that "n? is idempotent complete. Furthermore any object X G 's? 
is a summand of X" = w^^X) G ^ by Lemma 14.101 Since ^ is a 
full subcategory of 'v' the claim follows from the results at the end of 
Section 12.21 The proof of the second statement is similar. 

For the proof of the last statement let ^ be the heart of the standard 
weight structure on T = K{A)^ (resp. T = K''{A)). Since ^ C ^ and 
the heart 'v' is closed under retracts in T, any retract of an object of A 
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in T is in P. Conversely, any object of 'v' is by Lemma 14.101 a retract 
of an object of A. D 

Proposition 4.12. Let A be a small additive category. Then the 
Grothendieck group of its homotopy category K{A) is trivial: 

Ko{K{A)) = 0. 

The Grothendieck groups ofK~{A), K{A)^, K^{A) and K{A)^ van- 
ish as well. 

This result is presumably well-known to the experts (cf. |Sch06] or 

Proof. We prove that Ko{K{A)) = 0. We write [X] for the class of an 
object X in the Grothendieck group. Let X G K{A). Let A = w^q^X) 
and B = w<oi-^)- The w- weight decomposition A — )■ X — ?■ i? — )■ [1]A 
gives [X] = [A] + [B] in the Grothendieck group. Since i? is a bounded 
above complex 

T{B) ■.= B® [2]B © [A]B © ■ • • = @[2n]B 

is a well-defined object of K{A). There is an obvious isomorphism 
T{B) = B® [2]T{B) which gives 

[T{B)] = [B] + [[2]T{B)] = [B] + [T{B)] 

implying [B] = 0. Considering ^^gj^[— 2n]A we similarly find [A] =0. 
Hence [X] = [A] + [B] = 0. 

The proof that the other Grothendieck groups mentioned in the 
proposition vanish is now obvious. D 

Remark 4.13. Assume that we are in the setting of Proposition 14. 121 If 
we can show that the Grothendieck group of the idempotent completion 
of K{A) vanishes then K{A) is idempotent complete by the results 
cited in Remark 13.31 

Example 4.14. Let {0} C A C N be a subset that is closed under 
addition, e.g. A = 17M + 9N. Let mod(A;) be the category of finite 
dimensional vector spaces over a field k and let modA(fc) C mod(/i;) 
be the full subcategory of vector spaces whose dimension is in A. We 
claim that K{m.odA{k)) is idempotent complete. 

Obviously K(modA{k)) C K{m.od{k)) is a full triangulated subcat- 
egory. It is easy to see that any object of i^(mod(A;)) is isomorphic to 
a stalk complex, i.e. a complex in mod(A;) with all differentials d = 0. 
Hence K(mod{k)) is idempotent complete (alternatively, this follows 
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from Theorem 13.41 ([T])) and K{m.odA{k)) is dense in i^(mod(A;)). In 
particular K{mod{k)) is the idempotent completion of K{inod\{k)). 

The Grothendieck groups of K{TaodA{k)) and K{inod{k)) vanish by 
Proposition I4.12[ Hence results of R. W. Thomason |Tho97t Section 3] 
(as explained in Remark 13. 3p show that the closure of K{Taod/<^{k)) 
under isomorphisms in K{Taod{k)) equals K{inod{k)). In particular 
_ft'(modA(A;)) is idempotent complete. 



5. Weak weight complex functor 

In this section we construct the weak weight complex functor essen- 
tially following [BonlOt Ch. 3] where it is just called weight complex 
functor. We repeat the construction in detail since we need this for the 
proof of Theorem 17. 1[ 

Let (T,w = (7~"'<o^ 7~"'>0)) Iqq a weight category. We fix for every 
object X in T and every n G Z a weight decomposition 



(5.i: 






3x+^ 



W>n+lX ^ X ^ W<nX ^ [l]w>n+lX; 



as suggested by the notation we assume w>„+iX G 7~"'^"+i and w<„ G 
T""-". For any n there is a unique morphism of triangles 



(5.2) 



t 

rpn—l . 



9x^' 



W>n+lX ^ X ^ W<nX ^ [l]w>n+lX 



9x 



idx V 



W>nX ^ X ^ W<n-lX 



I 

[l]w>nX 



extending idx (use Prop. 1231 and (ws3)). More precisely h\ (resp. /^) 
is the unique morphism making the square A (resp. V) commutative. 
We use the square marked with A as the germ cell for the octahedral 
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axiom and obtain the following diagram: 
(5.3) 



Ux ■- 



i<n 



- X 



T 



X 



W>nX 



WnX 



9x 



W>n+lX A X 



[l]w>n+lX 



W<nX 



mh3c 

[l]w>nX 



W<n^lX 



[l]WnX 



-X 



>n 



The octahedral axiom says that after fitting h^ into the triangle T^ 
the dotted arrows exist such that T^" is a triangle and everything 
commutes. The lower dotted arrow is in fact Ix by the uniqueness 
statement given above. We fix such octahedral diagrams Ox for all 
objects X and all n ^TL. 

The triangles T^ and T^ and the fact that 7""'-" and 7"""-" are 
closed under extensions show that w„X G T"'""" and [n]u7„X G ^ := 

We define the (candidate) weight complex WCJyX) G C(^) of X as 
follows (the index c stands for "candidate"): Its n-th term is 



WC,{XT := \n\WnX 



and the differential d 



WC^{X) 



: [n]t(;„X — )■ [ra + \\wn+\X is defined by 



= M(([l]e 



n+l^ 



O C 



x> 



Note that c?^(7 rx) ° '^vcAx) ~ ^ since the composition of two consec- 
utive maps in a triangle is zero (apply this to (15. 3p ). Hence WCciX) 
is in fact a complex in '\> . 
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Now let / : X — !■ y be a inorphisin in T. We can extend / to a 



morphism of triangles (use Prop. 12.31 and (ws3)) 
(5.5) 






9x^' 



W>„+lX s- X ^ W<nX ^ [l]w>n+lX, 



\/u'>n + l ^J ^Jw<.n} 



/if >n + l 



ly ■ 



9y+' ^ 



W>n+lY ^ Y ^ W<nY 



[l]/iu>n + l 

[l]w>n+lY. 



This extension is not unique in general; this will be discussed later on. 
Nevertheless we fix now such an extension {fw>n+i, f, fw<n) for any 
neZ. 

Consider the following diagram in the category of triangles (objects: 
triangles; morphisms: morphisms of triangles) : 



(5.6) 



~yj (/m>n + l)/i/iu<n) ^ 

Ix ^ Jy 



(h^.idx.ZJ) 



ih^MY,l^) 



rpn-1 (A">'"/'/^'<"-i)^ rpn-l 

This square is commutative since a morphism of triangles T'x — )■ T, 



n—l 



extending / is unique (use Prop. [273] and (ws3)). 

In particular we have fw<n-Jx = J'Yfw<n, so we can extend the 
partial morphism {fw<n, fw<n-i) by a morphism /" : w„X — )■ WnY to 
a morphism of triangles 
(5.7) 



T 



<n 
X 



WnX ^ W<nX ^ W<n-lX s 



\J iJ'w<rL ijw<n~l ) 



r 



/tj. 



/li 



^<n 



WnY ^ W<nY -^-^ W<n-lY 



[l]WnX 
[l]WnY 



as indicated. Again there might be a choice, but we fix for each n G Z 
such an /". The commutativity of the squares on the left and right 
in (15. 7p shows that the sequence WCdf) := {[n]f'^)nez defines a mor- 
phism of complexes 

(5.8) 



WC,{X) : 

WCc(f) 

WCiY) : 



"■WCc(X) 



[n]wnX ^ [n + l]Wn+lX 



M/" 



[n+l]/" 



in 

r 1 ^^'Cc(Y) 

[n\WnY ^ [n + l\Wn+iY 
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Since some morphisms existed but were not unique we cannot expect 
that WCc defines a functor T — ?■ CCv*), cf. Example 15.51 below. 

Let WC be the composition of WCc with the canonical functor 
C(^) — )■ -ft"wcak(^) (cf. fl2.4p ). i.e. the assignment mapping an object 
X of r to WC{X) := WCc{X) and a morphism / of T to the class of 
WCcif) in i^„eak(^)- The complex WC{X) is called a weight com- 
plex of X. 

Recall that the assignment X i— )■ WC{X) depends on the choices 
made in ( 15. ip and f l5.3p . For morphisms we have: 

Proposition 5.1. Mapping a morphism f in T to WC{f) does not 
depend on the choices made in (15. 5p and ( 15. 7p . 



Proof. By considering appropriate differences it is easy to see that it is 
sufficient to consider the case that / = 0. Consider ( 15. 5p now for / = 
(but we write fw<n instead of 0^<„). 
(5.9) 

W>ri+lX ^ X ^ W<nX ^ [l]w>n+lX, 






ifw>n+lfitfw<n) 



'~rn 



/if >n + l 



W>n+lY 



g-+' ^ 



f = fw<n [l]/i(;>n + l 

Y ^ W<nY ^ [l]w>n+lY, 



Since fw<n o /c^ = there exists s" : [l]if;>„4.iX — )■ w<nY such that 
fw<n = s^Vx- Then in the situation 



[l]w>n+2X 



WnY — 



[l]ft^+l 



[l\w>ri+lX 



W<nY 



[l]e^+' 



-n + l 



^ [l]Wn+lX 



-^W<n-lY 



(where both rows are part of triangles in (15.30 . the upper row comes 
up to signs from a rotation of T^^^ , the lower row is from Ty"") the 
indicated factorization 



(5.10) 



s" = a^r"+^([l]ej+^; 
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exists by (ws3) Now (15.71) takes the form (the dotted diagonal arrow 
will be explained) 



T 



<n 
X 



Wr,X 



-^W<nX 



in 
'■X 



-^ W<n-lX 



\J ij%u<n !/iii<n— 1 / 



/" T" + ^b%+^ 



T. 



<n 
Y 



J^ 



-l„"-i 



w„Y 



-^ w<„,_iF 



Equation (IS.lUp and ([l]ejY 
hedron 0^+\ cf. ([El) yield 



"+l^o,n 



X 



W<nY 



b^^ (which follows from the octa- 



gU^n 



X — o^y'^^ ([l]ej )f^ — u,y/ u^ 



^n^n+l^n+l 



This shows that the honest triangle marked V commutes. Consider 

there is a morphism z/" : WnX — )■ [— l]w<„_iy such that 
(5.11) - ([-l]6^)z/" = /" - r"+i6^+^a^. 

Now consider the following diagram 

WnX 



[-l]Wn-lY ^ [-l]w<n-lY ^ \-l]w<n-2Y ^ W^-lY 

where the lower row is the triangle obtained from Ty^' by three 
rotations. The composition ([— l]/y~^)z/" vanishes by (ws3) hence 



there is a morphism a" : WnX — )■ [— l]w„_iy as indicated such that 
— ([— l]ay~^)(T"' = z/". If we plug this into (15. lip we get 

/" - r^+ifoj+^a;^ = -([-l]6^)z/" = ([-l]6^)([-l]a^-i)a". 
Applying [n] to this equation yields (using (15. 4p ) 
(5.12) WC^r = [n]r = (Nr"+^)rf^c.(x) + Ca(y)(N^")- 

This shows that WCdf) is weakly homotopic to zero proving the claim 
(since we assumed that / = 0). D 

Theorem 5.2 (cf. |BonlOl Ch. 3]). The assignment X h^ WC{X), 
f I—)- WC{f), depends only on the choices made in (15. ip and (15. 3p and 
defines an additive functor 



[l]WnX 



mr 



[l]WnY 
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This functor is in a canonical way a functor of additive categories 
with translation: There is a canonical isomorphism of functors if : 
S o WC ^ WC o [1] such that {WC, if) is a functor of additive cate- 
gories with translation (the translation on -ft'weak('v') is denoted S here 
for clarity). 



Proof. It is obvious that WC{idx) = idwc{x) and WC{fog) = WC{f)o 
WC{g). Hence WC is a well-defined functor which is obviously addi- 
tive. 

We continue the proof after the following Remark 15.31 D 



Remark 5.3. Let WCi := WC be the additive functor from Theo- 
rem 15.21 (we do not know yet how it is compatible with the respective 
translations) and let WC2 be another such functor constructed from 
possibly different choices in (15. ip and (15. 3p . For each X e T the 
identity idx gives rise to a well-defined morphism '?/'2i,x : WCi{X) — )■ 
WC2{X) in -ft'weakCv^) which is constructed in the same manner as 
WC{f) was constructed from f : X ^ Y above. The collection of 
these ip2i,x in fact defines an isomorphism ^21 : WCi ^ WC2- If 
there is a third functor WC^ of the same type all these isomorphisms 
are compatible in the sense that 'ipz2'^2i = "^31 and ipu = idvKCi fo^ ^^1 
2 €{1,2,3}. 



Proof of Thm. \5.2\ continued: Our aim is to define ip. Let t^m^ be the 
triangle obtained by three rotations from the triangle TJ^"^^ (see (15. ip ): 
(5.13) 

U^i]x ■■ [l]w>^+2X~^\l]X'^\l]w^^+,X~^\2]w>r.+2X; 
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Note that it is a. {w > n + l,w < n)-weight decomposition of [1]X. 

Using (15. 3p it is easy to check that 

(5.14) 



U, 



<n 

[1]X 



-W4+' 



Tjn 



f/, 



n-1 

[1]X ■ 



[l]Wn+lX 



[2]w>n+2X 



[l]e 



n + l 
X 



-W^x+' 



[2]h"+i 



[iWx 



[l]w>n+lX 



[l]w<n+lX 



[2]w>n+lX 



WhT' / \ -[l]5x+' / \ [mt^ 



[2]e 



n + l 
X 



[l]w>„+2-^ 



-[l]fc"+i 



-W^J 



[1]X 






7-/>n 



is an octahedron. In the same manner in which the choices (15.10 and 
(15. 3 p gave rise to the functor WC : T — )■ -ft'weak(^), the choices (I5.13P 
and (I5.14P give rise to an additive functor WC : T — )■ -ft"weak(^)- As 
seen in Remark 15.31 there is a canonical isomorphism ^ : VTC" ^ VTC. 
We have 



WC\\\\Xf = [n][l]wn+iX = WC{Xf+^ = S(W^C(X))" 



and 



d?,,r^,n... = M((-[l]6^+^) o [l]a^+i) = -[n + l](6J+2 ^ ^^+i) 



wc'Cfiix) 



m+l _ jn 

"'WCiX) — "S(VKC(X))- 



This imphes that J:{WC{X)) = WC'{[1]X) and it is easy to see that 
even S o WC = WC o [1]. Now define if as the composition 



^o[ll 



EoWC = WC o [1] ^^^ WC o [1] 



D 



Definition 5.4. The functor WC (together with ip) of additive cat- 
egories with translation from Theorem 15.21 is called a weak weight 
complex functor. 
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A weak weight complex functor depends on the choices made in f l5.ll) 
and (15. 3p . However it follows from the proof of the Theorem 15.21 (and 
Remark l5.3p that any two weak weight complex functors are canonically 
isomorphic. Hence we allow ourselves to speak about the weak weight 
complex functor. 



Example 5.5 (cf. |BonlOl Rem. 1.5.2.3]). Let Mod{R) be the category 
of i?-modules for R = Z/4Z and consider the standard weight struc- 
ture on i^(Mod(-R)) (see Prop. 14.61) . Let X be the complex ■■■—)■ —)■ 

-R — )■ i? — !■ — i- . . . with R in degrees and 1. If we use the w- weight 
decompositions from the proof of Proposition 14. 6[ the only interesting 
weight decomposition is T^ of type {w > l,w < 0) and has the follow- 
ing form (where we draw the complexes vertically and give only their 
components in degrees and 1, and similar for the morphisms): 



w 



>iX 



[l\ .. [?] 



X 



^ W_<qX 





(~2) 



'^]w>iX 




We can choose WiX = w>iX and WqX = w<oX and then one checks 
that WC{X) is given by the connecting morphism of this triangle, more 
precisely 



WC{X) 



^0^ R^R^O^ 



concentrated in degrees and 1. Consider the morphism = Ox = 
[o] : X ^ X and extend it to a morphism of triangles (cf. (15. 5p or 

(ED) 



w>iX - 

[I] 
w>iX - 



X 



[S] 



X 



w<oX - 
w<oX - 



■ [l]w>iX 
[l]w>iX. 



It is an easy exercise to check that the dotted arrows complete Ox 
to a morphism of triangles for any x,y & {0)2}. Now one checks 
that all four morphism (0,0), (0,2), (2,0), (2,2) : WC{X) -^ WC{X) 
are weakly homotopic whereas for example (0, 0) and (2, 0) are not 
homotopic. 
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In particular, this example confirms that mapping an object X to 
WCc{X) and a morphism / to WCdf) (or its class in K{^)) is not a 
well-defined functor: We have to pass to the weak homotopy category. 

(But one can easily find a preferred choice for the morphisms /"" in 
this example which defines a functor to K{'\^), see Section [STT] below.) 

Lemma 5.6 (cf. |BonlOl Thm. 3.3.1. IV]). Let a,b e Z. If X e T""-" 
(resp. X e T""^^ or X e T"'^!"'''!; then WC{X) G K{^Y'^^ (resp. 

WC{X) e Ki^Y^^ or WC{X) e ir(9)"'^["'''i;. 

In particular, if the weight structure is bounded, then WC{X) G 
K{^Y for all X eT. 

Proof Let X G 5 where S is one of the categories T"'-", T"'-^ T'"^!"'''!. 
Lemma 14.31 ([6]) shows that we can assume that in all weight decompo- 
sitions T'x (see (15.11) ) of X the objects w>n+iX and w<nX are in S. 
Choose octahedra (15.31) and let WC'{X) be constructed using these 
choices. 

Consider the octahedron (15.31) again. We claim that WnX G S. We 
already know that WnX G 7"""^". In particular the triangle T^" is a 
{w > n + l,w < 'n,)-weight decomposition of w>nX and the triangle 
Tj^"' is a {w > n,w < n — l)-weight decomposition of w<„X. We obtain 

• Case S = 7""'-": If a < n then the weight decomposition Tj^"^ 
and Lemma 14.31 ([5]) show w„X G 7""'-'^ = S. li a > n the 
triangle Tj^^ shows that WnX is an extension of w<nX G 7"'"-° 
and [-l]w<n-iX G r"'-"+^ C T""-^ and hence in f""-" = S. 

• Case S = 7""'-^: If n — 1 < b the weight decomposition Tj^" 
and Lemma SJ & show w„X G T"'-'' = S. If n - 1 > 6 the 
triangle Tj^"' shows that WnX is an extension of w>nX G T^-'' 
and [l]w>n+iX G T'"-^"^ C T'"^'' and hence in T"^^^ = S. 

• Case S = ']~'^^i"-M-_ Follows from the above two cases. 

This proves the claim WnX G S. Let / be the one among the in- 
tervals [a, oo), (—00,6], [a,b] that satisfies S = 7"""^^. If n ^ / then 
WnX G T"'^^ n r"'=" = and hence WCiX)"" = [n]wnX = 0. This 
shows WC'{X) G K'^^^i^) and WC{X) G fs:(^)"'e^ since WC'{X) = 
WC{X). (Here the categories K"'^^(^) and K(^)"'e^ are defined in 
the obvious way, cf. beginning of Section [3]). D 

In the following definition the triangulated category i^('v'(w))^"*' ap- 
pears (see Section 12.31 for the definition of 7"*^^*^ for a triangulated cat- 
egory T). This happens naturally as can be seen from Proposition 15.91 
below. Let us however remark that we could avoid its appearance by 
replacing the definition of a weak weight complex functor WC above 
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with its composition with the functor induced by (5, id) (see fl2.7p ) 
which just changes the signs of all differentials. 

Definition 5.7 (cf. |BonlOt Conj. 3.3.3]). A strong weight complex 

functor is a triangulated functor WC : T — )■ -R'(*v')^'^*' such that the 
obvious composition 

is isomorphic to the/a weak weight complex functor as a functor of 
additive categories with translation. 

Recall the standard weight structure on i^('v')'^'^*' from Remark 14. 7[ 

Lemma 5.8. Any strong weight complex functor WC : T — )■ i^(^)^"*' 
is weight- exact. 

Proof. This follows immediately from Lemma 15.61 D 

5.L Strong weight complex functor for the standard weight 

structure. Consider the standard weight structure w on the homotopy 
category K[A) of an additive category A from Proposition 14. 6[ Given 
X G K{A) the w-weight decomposition (14. 5 p is a preferred choice for 
the weight decomposition T^ in (15. ip . Then there is also an obvious 
preferred choice for the octahedron Ox in (15.30 in which m„X is just 
[— rijX", the n-th term X" of the complex X shifted into degree n. 
With this choices the complex WCc{X) = WC{X) is obtained from X 
by multiplying all differentials by —1, i.e. WCc{X) = S{X) where S 
is the functor defined in Section EH here we view A C ^(w) as a full 
subcategory (see Cor. 14. Ill for a more precise statement). 

Similarly there are preferred choices for morphisms: Let f : X -^ Y 
be a morphism in K{A). Let / : X — > F be a morphism in C{A) 
representing /. The morphisms W>n+if, w<nf and Wnf gives rise to 
preferred choices for the morphisms fw>n+i, fw<n and /" in (15. 5p and 
(15. 7p . If we identify A C ^{w) as above the morphism WCdf) (see 
(15:81) ) of complexes is just / = S{f) : WC^{X) = S{X) -^ WC^{Y) = 
S(Y). Obviously its class in the homotopy category is / = S{f) and 
hence does not depend on the choice of the representative for /. 

Proposition 5.9. The composition 

K{A) ^^ KiA)'"'''' C Ki^iw))'"'''' 

of the triangulated equivalence {S, id) (cf. (12. 7p ) and the obvious inclu- 
sion is a strong weight complex functor. 

Proof. Clear from the above arguments. D 
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6. Filtered triangulated categories 

We very closely follow |Bei87[ App.]. Let us recall the definition of 
a filtered triangulated category. 

Definition 6.1. (1) A filtered triangulated category, or f-cat- 

egory for short, is a quintuple (T, T(< 0), T(> 0), s, a) where 
T is a triangulated category, T(< 0) and T(> 0) are strict 
full triangulated subcategories, s : T ^ T is a triangulated 
automorphism (called "shift of filtration") and a : id^ — )• s is 
a morphism of triangulated functors, such that the following 
axioms hold (where T(< n) := s"(T(< 0)) and T(> n) : = 
."(f(>0))): 

(fcati) r(> 1) c r(> 0) and T{<y) c r(< 1) 

(fcat2) r = U„ezT(<^^) = a,ezT(> n). 
(feats) Hom(r(> 1),T(< 0)) = 0. 
(fcat4) For any X in T there is a triangle 

with A in f{> 1) and B in f{< 0). 
(feats) For any X & T one has ^^(x) = s{ax) as morphisms 

s{x) -^ s\xy 

(fcate) For all X in r(< 0) and Y in r(> 1), the map 

Hom(X, s-^{Y)) ^ Hom(X, Y) 
f ^ «.-i(y) o / 

is bijective (equivalently one can require that 
Hom(s(X),F) ^ Hom(X,F) 

is bijective). As diagrams these equivalent conditions look 
as follows: 

and s{X)-^'^'-^Y 

ax 

X--^^s-^iY) X 

By abuse of notation we then say that T is an f-category. 
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(2) Let T be a triangulated category. A filtered triangulated 
category overo T (or f-category over T) is an f-category T 
together with an equivalence 

«:r^f(<o)nf(>o) 

of triangulated categories. 

Let T be an f-category. We will use the shorthand notation T{[a, h\) = 
T(< b)nT{> a) and abbreviate [a, a] by [a]. Similarly T(< a) etc. have 
the obvious meaning. For a < bwe have T(< a)r\T{> b) = 0: If X is in 



this intersection then axiom (fcatS) implies that idx = hence X = 0. 



Note that T together with the identity functor id : T([0]) — ?■ T([0]) is 
an f-category over T([0]). 

Remark 6.2. Let T be a filtered triangulated category. Define 2)*-° : = 
r(^l) and I?*^° := f{< 0). Then {V^^°,V^^°) defines a t-structure 
on T. _ 

Note that in this example all P*-* coincide since T(> 1) is a trian- 
gulated subcategory; similarly, all P*-* are equal. The heart of this 
t-structure is zero. 

Of course we can apply the shift of filtration to this example and 
obtain t-structures (T(> n + 1),T{< n)) for all tt, G Z. 

Similarly, define S'"^'^ := f{< 0) and S""^^ := f{> 1). Then 



^gw<o^gw>o^ is a weight structure on T. Note that (wsl) is satisfied 
since (T(> 1),T(< 0)) is a t-structure. Again all £"'-* (resp. f!""^*) 
coincide and the heart is zero. 

6.L Basic example. We introduce the filtered derived category of an 
abelian category, following |I1171t V.l]. The reader who is not interested 
in this basic example of an f-category can skip this section and continue 

withO 

Let A be an abelian category and CF{A) the category whose ob- 
jects are complexes in A with a finite decreasing filtration and whose 
morphisms are morphisms of complexes which respect the filtrations. 
If L is an object of CF{A) and i,j G Z we denote the component of 
L in degree i by L* and by F^L the j-the step of the filtration, and by 
F^L^ the component of degree i in F^L. Pictorially an object L looks 
as 

L: • • • 3 F'^L 3 F'^L ^ F^L ^ F^L ^ ■■■ 



^ Wc do not ask here for a functor T — ?> T as suggested by the word "over" 
Proposition 16.61 will yield such a functor. 
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or, if we also indicate the differentials, as 

t tit 

t t t t 

t t t t 

This is an additive category having kernels and cokernels, but it is 
not abelian (if ^ 7^ 0). There is an obvious translation functor [1] on 
CF{A). 

A morphism f : L ^ M between objects of CF{A) is called a quasi- 
isomorphism if one of the following equivalent conditions is satisfied: 

(1) F"/ : F"L — )■ F"M is a quasi-isomorphism for all n G Z. 

(2) gr"(/) : gr"(L) — > gr"(M) is a quasi-isomorphism for all n E 1^. 

We localize CF(w4) with respect to the class of all quasi- isomorphisms 
and obtain the filtered derived category DF{A) of A. This cate- 
gory can equivalently be constructed as the localization of the filtered 
homotopy category. The latter category is triangulated with triangles 
isomorphic to mapping cone triangles; this structure of a triangulated 
category is inherited to DF{A). 

Morphisms in DF{A) are equivalence classes of so-called roofs: Any 
morphism / : L — )■ M in DF{A) in DF{A) can be represented as 

gs-^ : LA L' ^ M 

where s and g are morphisms in CF{A) and s is a quasi-isomorphism. 
Similarly, one can also represent / as 

r^h -.L^M'i^M 

where t and h are morphisms in CF{A) and t is a quasi-isomorphism. 

Let D{A) be the derived category of A. The functor gr"^ : CF{A) — )■ 
C{A) passes to the derived categories and yields a triangulated functor 
gr" : DF{A) ^ D{A). 

Define (strict) full subcategories 

DF{A){< n) := {L G DF{A) \ gr^(L) = for all i > n}, 

DF{A){> n) := {L G DF{A) \ gr^(L) = for all i < n}. 

Let s : CF{A) — ?■ CF{A) the functor which shifts the filtration: 
Given an object L the object s{L) has the same underlying complex but 
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filtration F"(s(L)) = F'^^^L. It induces a triangulated automorphism 
s : DF{A) —7- DF{A). Let a : id£)ir(^) — )■ s be the obvious morphism 
of triangulated functors: We include a picture of a^ where we indicate 
the 0-th part of the filtration by a box: 



L: 

OIL 

s{L): 



F'^L 






F'L 



DF{A){< n) and s"(DF(^)(> 0)) 



Note that s"(DF(^)(< 0)) 
DF{A)i>n). 

We define a functor i : -D(^) -^ DF{A) by mapping an object L of 
D(^) to i{L) = (L,Tr), where Tr is the trivial filtration on L defined 
by Tr*L = L for i < and Tr*L = for i > 0. We often consider i as 
a functor to DF{A){[0]). 

Proposition 6.3 (cf. |Bei87t Example A 2]). The datum 

(6.1) {DF{A), DF{A){< 0), DF{A){> 0), s, a) 

defines a filtered triangulated category DF{A), and the functor i : 
F){A) — )• DF{A){^]) makes DF{A) into a filtered triangulated cat- 
egory over D{A). 

Proof. We first check that (16.1 p defines a filtered triangulated category. 
Since all gr* : DF{A) -> D{A) are triangulated functors, DF{A){< 0) 
and DF{A){> 0) are strict full triangulated subcategories of DF{A). 
The conditions (fcatl) , (fcat2) (we use finite filtrations) and (fcatS) are 
obviously satisfied. 

Condition (fcat4) Let X be any object in DF{A). We define 

objects X{> 1) and X/{X{> 1)) and (obvious) morphisms X{> 1) — )■ 

X A X/(X(> 1)) in CF{A) by the following diagram: 

(6.2) 

X(>1): ... = 



F^X 



X : 



X/(X(> 1)) : 



(Z3 
I 

Cf°xj 

\ 



F^X 3 ^2^ 



D F-^X/F^X D F^X/F^X 







F^X 







There is a morphism X/(X(> 1)) -^ [1](X(> 1)) in L>F(^) such that 



(6.3) 



X(>1) 



-^x 



-^X/(X(>1)) 



[1](^(> 1)) 



HOMOTOPY CATEGORIES AND WEIGHT COMPLEX FUNCTORS 



39 



is a triangle in DF{A): Use the obvious quasi- isomorphism from the 
mapping cone of i to X/{X{> 1)). Since X{> 1) G DF{A){> 1) and 



X/{X{> 1)) e DF{A){< 0) by definition this proves condition (fcat4) 



Observation: Apphcation of the triangulated functors gr* to the 
triangle dHSD shows: If X is in DF{A){> 1) then X{> 1) ^ X is 
an isomorphism in DF{A). Similarly, if X is in DF{A){< 0), then 
X — ;■ X/(X(> 1)) is an isomorphism. We obtain: 

• Any object in DF{A){> a) is isomorphic to an object Y with 

Y = p-^Y = ■ ■ ■ = F"-~^Y = F^-y . 

• Any object in DF{A){< h) is isomorphic to an object Y with 
= F^^^Y = F^^'^Y = . . . . 

• Any object in DF{A){[a,h]) is isomorphic to an object Y with 

Y = F-ooY = ... = F'^Y D ■ ■ ■ D = F^+^Y = .... 



Condition [(fcat3) I Let X in DF{A){> 1) and Y in DF{A){< 0). 
By the above observation we can assume that = F^Y = F^Y = . . . . 

S Q 

Let a morphism / : X — )■ F be represented by a roof X -^ Z ^Y with 
s a quasi-isomorphism. Then the obvious morphism l : Z{> 1) ^ Z 
is a quasi-isomorphism and the roof X ■(— Z — ;■ F is equivalent to the 
roof X 4^ Z{> 1) ^ Y. Since F^Y = and F^{Z{> 1)) = Z{> 1) we 
obtain gt = 0. Hence / = 0. 



Condition [(fcat6)[ Let X in DF{A){> 1) and Y in DF{A){< 0) as 
before. As observed above we can assume that X = ■ ■ ■ = F°X 
and that = F^Y = F^Y = .... 



F^X 



We prove that 



Hom(sr, X) -^ Hom(F, X) 
g ^ goay 



is bijective. Here is a picture of ay: 



y : 

ay 



s{Y): 



D F-iY 3 [f^'y] 3 = 
I 1 



We define a map Hom(y, X) — )■ Hom(s(y),X) which will be inverse 
to the above map. Let / : F — )■ X be a morphism, represented by a 

roof Y ^ Z -^ X where h and t are morphisms in CF{A) and t is a 
quasi-isomorphism. We define an object Z and a morphism Z — )■ Z by 



40 



OLAF M. SCHNURER 



the following picture in which we include Z ^ X: 



Z : 

•t 

Z : 

t 

X 



t 



= Z D F^Z 3 

t 



X 



X 3 F^X 3 



Since t is a quasi-isomorphism, all FH : F^X — )■ F*Z are quasi- 
isomorphisms. For i small enough we have Z = F'^Z; this implies 
that X — )■ Z is a quasi-isomorphism in C{A); hence st : X — > Z is a 
quasi-isomorphism in CF{A). Hence we get the following diagram 




Because of the special form of the filtrations on Z and on Y it is 
obvious that sh : Y ^ Z comes from a unique morphism A : s{Y) — > Z 
in CF{A) such that Xay = sh. We map / to the class of the roof 
(st)^^A; it is easy to check that this is well-defined and inverse to the 
map g h^ g o ay- 

Now we check that i makes DF{A) into an f-category over D{A). It 
is obvious that i : D{A) — )■ DF{A){[0]) is triangulated. Our observa- 
tion shows that it is essentially surjective. Since gr° oi = idD(A), out 
functor i is faithful. It remains to prove fullness: Let X and Y be in 
D{A) and let / : i{X) — )> i{Y) be a morphism in DF{A), represented 
by a roof i(X) ^ Z — )■ i{Y) with s a quasi-isomorphism. Consider the 
morphism 



ziF^'Z) : 

1' 

Z : 



F'^Z 



I 







F-^Z 3 [f^z] 3 F^Z 3 



Since F^s : F^Z — > F^i{X) = X is a quasi-isomorphism, st is a quasi- 

isomorphisms (and so is t). But the roof i{X) < — i{F^Z) — > ^(^) 
comes from a roof X ^ F^Z — )■ F; hence / is in the image of i. D 
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6.2. First properties of filtered triangulated categories. We will 
make heavy use of some results of |Bei87t App.] in Section [71 

As no proofs have appeared we give proofs for the more difficult 
results we need. 

Proposition 6.4 (cf. |Bei87t Prop. A 3] (without proof)). Let T be a 

filtered triangulated category and n G Z. 

(1) The inclusion T{> n) <zT has a right adjoint a>n '■ T ^^ T{> 
n), and the inclusion T{<n) G T has a left adjoint a<n '■ 7" — )■ 
f{<n). 

We fix all these adjunctions. 

(2) For any X in T there is a unique morphism v^ : cr<„X — )■ 
[l]a>ri+iX in T such that the candidate triangle 

(6.4) cr>„,+iX — ^x — ^<y<nX ^ [l]o->„+iX 

is a triangle where the first two morphisms are adjunction mor- 
phisms. From every triangle A— >X— T-i?— ?■ [V\A with A in 
T(> n) and B in T{< n) there is a unique isomorphism of 
triangles to the above triangle extending idx ■ We call (16.41) the 
a-truncation triangle (of type {> n + 1,< n)). 

(3) We have 

f{< n) = (r(> n))^ and 

f(> n) = ^(f(< n)). 

In particular if in a triangle X ^- Y ^ Z ^- [1]X two out of 
the three objects X , Y , Z are in T(< n) (resp. T(> n)) then 
so is the third. 

(4) Let a,b & 7^. All functors a<n o-nd o">„ are triangulated and pre- 
serve all subcategories T(< a) and T(> b). There is a unique 
morphism 

(6.5) a[^'"l : cr<acr>b -^ (T>ba<a 

(which is in fact an isomorphism) such that the diagram 

9%r fey 

(6.6) a>bX -^^ X -^^ cT<aX 



kt 



^'^<aX 



O'Ka'^ybX ^ cr>bCr<aX 



commutes for all X in T . 
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Our proof of this theorem gives some more canonical isomorphisms, 
see Remark 16.51 below. If we were only interested in the statements of 
Proposition 16.41 we could do without the 3 x 3-diagram (16. 7p . 

Proof. The statements ([T]) and ([2]) follow from the fact that (T(> n + 
1),T(< n)) is a t-structure for all n G Z (see Rem^E3) and |BBD82l 
1.3.3]. For (13]) use |BBD82l 1.3.4] and the fact that T{> n) and r(< n) 
are stable under [1]. 

We prove (jl]): The functors a<n and a>n are triangulated by Proposi- 
tion |231 Let X &T and a,b ^ Z. Consider the following 3 x 3-diagram 
(6.7) 

rii li]->t+i{9^x^}) ai]->.+i(fcU. ^i]->.+iK) 






°'>a + l^ 



(^>a+lX 



o"<6(9x^^) 



9x^' 



cr<5A ^ 0-<5Cr<aA 






[l]o-<60->a+iX 



^Jf 



(2) 



[l]fc^ X 



X 



^cr<aX 



C X 



C>b+lO">a+l-^ 



(1) 



9T 



^6+1 



^ cr>fc+iX 



'^>b+i{'i-x) 



[l]^>a+lX 
A 



[i]9: 



b+l 



^ 0">^_,_l(T<aX 



'7>b+i(i'x) 



[l]a>6+icr>a+iX 



constructed as follows: All morphisms g and k are adjunction mor- 
phisms. We start with the third row which is the cr-truncation triangle 
of X of type (> a+1, < a). We apply the triangulated functors (T<b and 
o">6+i to this triangle and obtain the triangles in the second and fourth 
row. The adjunctions give the morphisms of triangles from fourth to 
third and third to second row. Then extend the first three columns to 
cr-truncation triangles; they can be uniquely connected by morphisms 
of triangles extending g°^^ and k\ respectively using Proposition 12.31 
Similarly (multiply the last arrow in the fourth column by —1 to get a 
triangle) we obtain the morphism between third and fourth column. 

We prove that cr>f,+i and o<ja preserve the subcategories T(> a + 1) 
and T(< a). 

• Case a > 6: Then in the left vertical triangle the first two 
objects are in T(> fe+1); hence cr<bCr>a+iX G T(> 6 + l)nT(< 
6) is zero (use ([3])). (This shows that (^^^ x ^^cl a<b{kx) are 
isomorphisms.) 
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— X E T(> a+1): Then g'^^ is an isomorphism and the first 
two vertical triangles are isomorphic. This shows a<bX = 
G T(> a + 1) and that all four morphisms of the square 
(1) are isomorphisms; hence a>b+iX G T(> a + 1). 

- X e f{< a): Then a<bX G f{< b) C f{< a) .^ Hence 
in the second vertical triangle two objects are in T(< a); 
hence the third object (T>b+iX is in T(< a). 

• Case a < b: Then in the third vertical triangle the second and 
third object are in T(< 6); hence a>b+icr<aX G T(< b) fl T(> 
6+1) is zero. (This shows that k^. j^ and cr^b+iigx^^) are 
isomorphisms.) 

— X G T(< a): Then kx is an isomorphism and the second 
and third vertical triangles are isomorphic. This shows 
cr>6+iX = G T(< a) and that all four morphisms of the 
square (2) are isomorphisms; hence cr<feX G T(< a). 

- X E f(> a + 1): Then a>5+iX G f(> 6+1) C f(> a + 1). 
Hence in the second vertical triangle two objects are in 
T(> a + 1); hence the third object a<bX is in T(> a + 1). 

For the last statement consider the diagram (16. 6p without the arrow 
ax and with b replaced by 6 + 1. The vertical arrows are part of 
cr-truncation triangles. Note that we already know that 0">b+i(T<aX G 
T(< a) and a<a<J>b+iX G T(> 6 + 1). Appropriate cohomological 
functors give the following commutative diagram of isomorphisms: 



T{a>b+iX, (T<aX) ^ z T{a>b+iX, a>f,+icr<aX) 



Tofc" 



C X^ 



?Ofc° y 



T(a<a(J>f,+ iX, Cr<aX) -^ T(o-<aO">b+iX, Cr>fc+i(T<aX) 

It shows that there is a unique morphism 



[6+1, a] T^ TA 

0"x • Cr<aCr>b+lA — > 0->b+\(y<a^ 



such that g^^ X ° ^x ' ° ^ct> x ~ ^x ° 9x^ ■ ^^ have to prove that 
ax is an isomorphism. 



44 OLAF M. SCHNURER 

From ([2]) we see that the lowest horizontal triangle in f l6.7p is uniquely 
isomorphic (by an isomorphism extending the identity) to the corre- 
sponding (T-truncation triangle: 

0'>b+lO">a+l^ ^ Cr>6+1-^ ^ cr>fe+icr<a^ ^ [iJCr>6+lO">a+lA 



/ 



id 



a + l 






[1]/ 



D" 



'>()+l' 



0">a+l^>6+l-^ ^ 0->6+l-^ ^ Cr<aCr>6+l-^ ^ [l]o">a+lO">6+l-'^ 

In combination with (16 .yp this diagram yields gj^ x ° h o k'^^ x = 
k\ o g-^^. This shows that cr^ ' = h which is hence an isomorphism. 
Similarly it is easy to see that X i— )■ a\l in fact defines an isomorphism 
(16 -Sp of functors. D 

Remark 6.5. Let us just mention some consequences one can now easily 
deduce from the 3 x 3-diagram (16. 7p . 

• (As already mentioned in the proof:) If a > 6 the object 
cr<bCr>a+iX is zero providing two isomorphisms 

(6.8) (^<bikx) ■ cr<i,X ^ a<ba<aX (for a>b), and 

attl+iX ■ (y>b+icr>a+iX ^ o->„+iX (for a>b). 

Similarly a>b+i(J<aX vanishes for a < 6 and provides two iso- 
morphisms 

(6.9) cr>b+i{g'}(^^) ■ (^>b+i(^>a+iX ^ <J>b+iX (for a<b), and 

^a<,x '■ cr<aX ^ a<ba<aX (for a <b). 

• In case a = b the two squares marked (1) and (2) consist of 
isomorphisms. Hence 

(6.10) gZl.x = ^>a+i{9x') and K^^x = <^<a{k^x)- 

• Proposition l2.3| gives several uniqueness statements, e. g. it shows 
that the morphisms connecting the horizontal triangles are also 
unique extending g'^^, kx and Vx respectively (in the last case 
one has to change the sign of the third morphism of the top 
sequence to make it into a triangle). 

• Apphcation of cr>a+i y id — y a<a — > [l]cr>a+i to the second 

vertical triangle in (16. 7p yields a similar 3 x 3-diagram which 
is uniquely isomorphic to the 3 x 3-diagram (16. 7p by an iso- 
morphism extending idx (and this is functorial in X). The 
four isomorphisms in the corners are the isomorphism a^^ 
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from the Proposition, the (inverse of) the isomorphism a^ , 
and the isomorphisms cr<aO"<fe ^ CTKbO^Ka and a>a+i<J>b+i — > 

0">fe+lO">a+l- 

We use the isomorphisms (16. 8p and (16. 9 p and those from the last point 
sometimes tacitly in the following and write them as equalities. 

We introduce some shorthand notation: For a,b E Z define a[a,b] '■= 
o'<bO'>a (which equals a>aO'<b by the above convention) and da := 

0"[a] := Cr[a,a]- 

We give some commutation formulas: Applying the triangulated 
functor s to the triangle (cr>a+iX, X, a<aX) yields a triangle that is 
uniquely isomorphic to {cr>a+2s{X),s{X),a<a+is{X)). Hence we ob- 
tain isomorphisms (that we write as equalities) 

(6.11) Sa>a = Cr>a+lS, SO<a = Cr<a+lS, SGa = (Ta+lS. 

Let (T, i) be an f-category over a triangulated category T. Define 
gr'^:=ris-V„:f^r 

where i~^ is a fixed quasi-inverse of i. Note that gr" is a triangulated 
functor. From gr"+^ s = i~^s~"'~^an+is = i^^s^^'O'n = gr" we obtain 

(6.12) gr"+^s = gr". 
Given X G T we define its support by 

supp(X) ■={neZ\ (XniX) y^ 0}. 



Note that supp(X) is a bounded subset of Z by axiom (fcat2) and 
Proposition 16. 4[ (j4]). It is empty if and only if X = 0. The range 
range (X) of X is defined as the smallest interval (possibly empty) in 
Z containing suppX. It is the smallest interval / such that X G T(/). 
The length 1{X) of X is the number of elements in range(X). 

6.3. Forgetting the filtration — the functor to. 

Proposition 6.6 (cf. |Bei87t Prop. A 3] (without proof)). Let (Tji) 
be an f-category over a triangulated category T ■ There is a unique (up 
to unique isomorphism) triangulated functor 

such that 

(oml) The restriction uj\f,^Q^ : T(< 0) — )■ T «s lefu adjoint to i :T ^ 
f(<0). 



typo in |Bei87[ Prop. A 3] (and similar in (om2) ) 
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(om2) The restriction wI^.^q-, : T(> 0) — )■ T is right adjoint to i : 

r^f(>o). 

(omS) For any X in T , the arrow ax '■ X — )■ s{X) is mapped to an 
isomorphism uj{ax) '■ ^{X) ^ u){s{X)). 

(om4) For all X in T(< 0) and all Y in T(> 0) we have an isomor- 
phism 

(6.13) CO : }iomf{X,Y) ^ Homr(u;(X), w(F)). 



In fact uj is uniquely determined by the properties (oml) and (om3) (or 
by the properties (om2) and (omS)). 



The functor u is often called the "forgetting of the filtration functor" ; 
the reason for this name is Lemma [6.71 below. Note that ci;|^(.rQ,-, is left 

(and right) adjoint to the equivalence i : T A- T([0]) and hence a 
quasi-inverse of i. 

Proof. Uniqueness: Assume that uo : T -^ T satisfies the conditions 



(oml) and (om3) 



Let / : X — > y be a morphism in T. By (fcat2) there is an n G Z 

we can assume 



such that this is a morphism in T(< n). By (fcatl 
that n > 0. Consider the commutative diagram 



s-"(X) 



s-^U) 



s-"(r) 



-^ s 



-n+l 



-n+1 



{X) 



Hf) 



(y) 



s-\X) ^^X 

s-\Y) — - — -r 



where we omit the indices s ^{X) and s ^{Y) at the various maps 
a. If we apply u, all the horizontal arrows become isomorphisms; 
note that s~^{f) is a morphism in T(< 0). This shows that u is 
uniquely determined by its restriction to T(< 0) and knowledge of all 
isomorphisms uj{az) '■ ^{Z) ^ uj{s{Z)) for all Z in T. 

If we have two functors Ui and U2 whose restrictions are both adjoint 



to the inclusion i : T ^ T(< 0) (i.e. satisfy (oml)), these adjunctions 
give rise to a unique isomorphism between ui |-f (<o) and (X'2 |^(<q) . If both 



ui and U2 satisfy in addition (om3) , this isomorphism can be uniquely 



extended to an isomorphism between ui and U2 (use the above diagram 
after application of ui and U2 respectively). 

Existence: Let X in T. We define objects Xi and Xr as follows: 
If X = let X; = X^ = 0. If X ^ let a = a^,b = b^ e Z 
such that range(X) = [a, 6] (and 1{X) = b - a + 1); let X; := s^^(X) 



/ 
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and Xr := s °(X) (the indices stand for left and right); observe that 
Xi e f(< 0) ^ s{Xi) and Xr G f(> 0) ^ s-\Xr). 

We denote the composition Xi )■ s{Xi) —)■... ^ X,, by 



a;!) : Xi ^ Xr- Our first goal is to construct for every X in T an 



X 



object fix in 7" and a factorization of a,^ 




Xi^^t{n 

such that 

(6.14) Hom(z(fix), A) ^^ Hom(X;, I) for all A in f(> 0); 

(6.15) Hom(S,i(fix)) ^^Hom(S,X^) for all S in f(< 0). 
Here is a diagram to illustrate this: 

B 



Xr 



£x 



i{n 



X 



Xr 



A 



ax. 



If X is in T(< 0) the composition X 

denoted af : X ^ Xi. If 06.14p holds then |(fcat6)] shows: 



sjX) -> . . . ^^^^^ X is 



(6.16) Rom{t{Qx),A) 



foex°ci-j 



■> Hom(X, A) for all X is in r(< 0) 
and A in r(> 0). 



If X is in T(> 0) and (16. 151) holds, we similarly have a morphism 
a^ : Xr ^ X and obtain: 



(6.17) Hom(5,i(fix)) 



a^ o5xo7 



> Hom(5, X) for all X G r(> 0) 
and S in f{< 0). 



We construct the triples {Qx,£x,^x) by induction over the length 
/(X) of X. The case /(X) = is trivial. 
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Base case 1{X) = 1. Then X/ = X^ G T([0]). Let k be a quasi-inverse 
of i and fix an isomorphism 6' : id — > in. We define fix '■= k{Xi) and 

Xi -^-A z{nx) -^ X,. 

This is a factorization of a^ = idx and the conditions (I6.14p and (16.151) 
are obviously satisfied. 

Now let X G T be given with /(X) > 1 and assume that we have 
constructed {Qy,£y,Sy) as desired for all Y with l(Y) < /(X). Let 
L := /(X) — 1. Let P := o">o(X/) and Q := 0"<_i(X;) and let us explain 
the following diagram: 



P = Pi 



X, 



ep 



ex 



i{VLp) ■■■ 

P = Pr 



S^(P) 



^inx: 



\5x 



Q 



s-''^{Q) = Qi 



^i^Q) 



[1]P 



s^Xi 



X, 



S^(Q) = Qr 



-^(h) 



mep 



[l]5p 
[1]P 

[1]S^{P) 



The first row is the a-truncation triangle of type (> 0, < —1) of X; G 
T{[—L, 0]) The last row is the image of this triangle under the triangu- 
lated automorphism s^. There is a morphism between these triangles 
given by a^. Observe that range(P) = [0] and range((5) = [—L, bq] C 
[— L, —1]; in particular the triples {fip, ep, 6p) and {fig, eg, 6g) are con- 
structed. Since 6 oe is a factorization of ari, the first, third and fourth 
column are components of this morphism a^ of triangles. By fl6.16p 
there is a unique morphism h' as indicated making the upper right 
square commutative, and then fl6.16p again shows that the lower right 
square commutes. We can find some fix ^ 7" and a completion of h' 
to a triangle as shown in the middle row of the above diagram. Then 
we complete the partial morphism of the two upper triangles by ex to 
a morphism of triangles. 

Let us construct the wiggly morphism 6x- Take an arbitrary object 
A in T(> 0) and apply Hom(?, A) to the morphism of the upper two 
triangles. The resulting morphism of long exact sequences and the five 
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lemma show that f l6.14p holds for sx- This shows in particular that 
the morphism af^ : Xi -)■ X^. factorizes uniquely over ex by some 5x- 
Using fl6.14p again we see that 5x defines in fact a morphism of the 
two lower triangles. 

Finally we apply for any B in T(< 0) the functor Hom(i?, ?) to the 
morphism of the two lower triangles; the five lemma again shows that 
5x satisfies f l6.15p . This shows that the triple {VLx^exi^x) has the 
properties we want. 

Now we define the functor u : T ^ T. On objects we define u}{X) := 
fix- Let / : X — )■ y be a morphism. Then for some N ^N big enough 
we have s~'^{X),s~^{Y) G T(< 0), hence s~^(/) is a morphism in 
T{< 0). Similarly for some M G N big enough s*^(/) is a morphism 
in T(> 0). Consider the diagram 
(6.18) 



s-^iX) 



s-^(r) 




s-^if) 



The morphism from S (X) to i{uj{Y)) factors uniquely to the dotted 



arrow by (fcat6) and fl6.14p . Similarly the morphism from i{ui{X)) to 
s^{Y) factors to the dotted arrow. These (a priori) two dotted arrows 
coincide, since 



(6.19) 



,Af/ 



}lom{t{u{X)),i{ujiY)) ^ }lom{s'''{X),s''\Y)) 



by (fcat6) and 06.14p and 06.15P again and since both compositions 5oe 



are a factorization of ari- Note that flf does not depend on the choice 
of A^ and M. We define ooif) to be the unique arrow uj{X) — )■ u(Y) that 
is mapped under the equivalence i to Qf. This respects compositions 
and identity morphisms and hence defines a functor u. 



We verify (oml) (om4) and that uj can be made into a triangulated 
functor. 



Let us show (om3) first: We can assume that X 7^ 0. We draw the 
left part of diagram (I6.18P for the morphism ax '■ X — )■ s{X) (note 
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that 6x + 1 = bs{x) and hence X; = {s{X))i): 






-x. 



,-bx 



id 



(X) 



ex 



-^(^W) 



(x) 



is{X)) 



"s(.X) 



(X) 



--s(X) 



tiuisiX))) 



By (feats) we have s~^{ax) = «s-jv(x) and hence the left square be- 
comes commutative with the dotted arrow. Since ex and £s{x) have 
the same universal property fl6.14p the morphism Qax must be an iso- 
morphism. 

Let us show (oml) Given X in T(< 0) and A in T replace A by 
i{A) in (1616|) and use i : Hom(u;(X), A) ^ Hom(i(u;(X)),i(A)). This 
gives 

X(''*)0£^ "V OCX. 

Homr(w(X), A) ' > Hom^(X,i(A)). 

From ( 16.1 8p it is easy to see that this isomorphism is compatible with 
morphisms / : X — )■ F in T(< 0) and g : A' ^ A in T. 

The proof of (om2) is similar. 

Proposition 12.51 shows that ijj\f,^QS is triangulated for a suitable iso- 
morphism ip : wI^/^qJI] ^ [l]ci;|^/<QN. Using the above techniques it 

is easy to find an isomorphism ip : ijj[1] ^ [1]uj such that (a;, v?) is a 
triangulated functor. We leave the details to the reader. 

We finally prove |(om4)[ Let X in f{< 0) and Y in f{> 0). The 
composition 

Homr(w(X),w(y)) 4 Romf {t{uj{X)),i{uj{Y))) 



^ Hom.^(s-^ 



(x),.-(r)) 



^i\/„7on-JV 



r °-°" Hom^(X,y). 



of isomorphisms (the last isomorphism comes from (fcat6) ) is easily 
seen to be inverse to (I6.13p . D 

6.4. Omega in the basic example. Let A be an abelian category 
and consider the basic example of the f-category DF{A) over D{A) (as 
described in Section WT\ Proposition 16. 3p . Let co : CF{A) — ?• C{A) be 
the functor mapping a filtered complex X = (X, F) to its underlying 
non-filtered complex X. This functor obviously induces a triangulated 
functor u : DF{A) ^ D{A). 
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Lemma 6.7. The functor u : DF{A) — t- D{A) satisfies the conditions 
(omS) and (oml) of Proposition 1 6. 61 



Proof. Condition (om3) is obvious, so let us show condition (oml) 

We abbreviate u' := Co'|z3f(^)(<o) and consider z as a functor to 
DF{A){< 0).) We first define a morphism idDF(^)(<o) ~^ i o u' oi 
functors as follows. Let X be in DF{A){< 0). We have seen that the 
obvious morphism X — )• X/{X{> 1)) (cf. (16. 2p ) is an isomorphism in 



DF(A). As above we denote the filtration of X by 



D F' D F' 



i+l 



D 



. . . and its underlying non-filtered complex uj{X) by X. Define ex by 
the commutativity of the following diagram 



X 



X/X{> I] 



£X 



■i{u{X))=i{X) 



^z{co{X/X{>m = z{X/F') 



X/F^ : F-^/F^ D F^ / F^ D 



X/F^ : X/F^ = X/F^ D 



where the lower horizontal map is the obvious one. This is compatible 
with morphisms and defines e. Let 6 : u' o i ^ id_D(yi) be the identity 
morphism. We leave it to the reader to check that 6u' o u'e = id^' 
and i6 o ei = idj. This implies that e and 6 are unit and counit of an 
adjunction (a;',?). D 

6.5. Construction of the functor c. Let (T, i) be an f-category over 
a triangulated category T. Our aim in this section is to construct a 
certain functor c : T ^ C^{T). The construction is in two steps. It 
can be found in a very condensed form in |Bei87[ Prop. A 5] or |BonlOt 

8.4]. 

6.5.1. First step. We proceed similar as in the construction of the weak 
weight complex functor (see Section [5]). This may seem a bit involved 
(compare to the second approach explained later on) but will turn out 
to be convenient when showing that the strong weight complex functor 
is a lift of the weak one. ^ 

For every object X in T we have functorial o"-truncation triangles 
(for all n G Z) 



(6.20) 



on 



0'>n+lX 



9x 



X 



-^ a<nX 



[l]cr>„+lX. 
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For any n there is a unique morphisni of triangles Sx — > "S*^ ^ extending 
idx (use Prop. [273] and (fcatS)): 



(6.21) 



an . 

•^x ■ 

(/xJ,idx,«X) 

t 

on— 1 . 



cr>„+iX ^ X 



-^ a<nX 



(y>nX 



9x 



id, 



-^ [l]cr>„+iX 



X 



-^ cr<.„_iX 



"x 



[l]o>nX 



More precisely h\ (resp. /^) is the unique morphism making the square 
A (resp. V) commutative. It is easy to see that h\ corresponds under 
(16.91) to the adjunction morphism g^'^^x '■ ^>n+i(^>nX -^ (^>nX. Hence 
we see from Proposition 16.41 ([2]) that there is a unique morphism c\ 
such that 
(6.22) 



^a>„X '■ ^>n+lX ^ 0->„X 



^a„A -' 



[l]o->„+iX 



is a triangle. We use the the tree triangles in (16.211) and fl6.22p and the 
square marked with A in fl6.2ip as the germ cell and obtain (from the 
octahedral axiom) the following octahedron: 
(6.23) 



Wx ■- 



on 



gn 



X 



S. 




(^>n+lX A 



o'>„X ■ 



Note that the lower dotted morphism is in fact Ix by the uniqueness of 
Ix observed above. From Proposition 16.41 (^ we obtain that the upper 
dotted morphism labeled a^ is unique: It is the morphism g^ x (more 

precisely it is the morphism g^^ x ° o'x ^^ the notation of (16. 6p ). We 
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see that the triangle S"^" can be constructed completely analogous 
as triangle (16.221) above. 

It is now easy to see that X \-^ Ox is in fact functorial. 

Let c'{X) be the following complex in T: Its n-th term is 

c'(X)" := [n]anX 
and the differential d'^,/x) '■ [''^]'^nX -^ [n + l]cr„+iX is defined by 

(6.24) d:,^x) ■■= [n]{b]t' ° «x) = M(([l]er') ° vl ° «x) 

= H(([l]eJ+i)oc^). 

Note that d^,/x) ° '^c'7x) ~ ^ since the composition of two consecutive 
maps in a triangle is zero (apply this to (I6.23P ). 

Since everything is functorial we have in fact defined a functor 

c':f^C{f). 

Let C^iT) C C(T) be the full subcategory consisting of objects 
A G C{f) such that A" G f{[n]) for all n G Z and A" = forn > 0. 

Axiom (fcat2) and c'(X)"' = [n]cr„(X) G T([n]) show that we can 
view c' as a functor 

c':f^Ci(f). 

In the proof of the fact that a weak weight complex functor is a func- 
tor of additive categories with translation we have used an octahedron 
(I5.14p . A similar octahedron with the same distribution of signs yields 
a canonical isomorphism 

(6.25) c'o[l]s"i ^So(s"^)^,(^)Oc' 

where we use notation introduced at the end of section 12.41 We leave 
the details to the reader. Note that S and {s~^)Qb(f) commute. 

We describe two other ways to obtain the functor c': Let X & T. 
Apply a<n+i to the triangle (16.221) . This gives the triangle 

(6.26) o-„+iX ^ cr[n,n+i]X ^ o-<„+io-„X — ^ [l]o-„+iX. 

The following commutative diagram is obtained by applying the trans- 
formation fc""*"^ : id — )■ (y<n+i to its upper horizontal morphism: 

(6.27) anX [l]a>„+iX 
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We use the isomorphism k^^x • ^nX — > cr<„+icr„(X) in order to replace 
the third term in (16.261) and obtain (using (I6.27p ) the following triangle, 
where d^ := [l]e^+^ o c^: 



(6.28) 



cr„+iX ^ a[n,n+l]X ^ o-„X 



[l]fTn+lX 



"+1 and the 

<n + lX 



Completely analogous cr>„ applied to the triangle S^ 

isomorphism g^^^^^x '■ ^>n(^n+iX ^ (^n+iX provide a triangle of the 

form (I6.28P with the same third morphism dx = V^^ o a\ (cf. (I6.24p ) 
which presumably is (I6.28P under the obvious identifications. Note that 

■ ■ ■ ^ [n]a^{X) i^ [n + l]a„+i(X) ^ . . . 

is the complex c'{X). Hence we have described two slightly different 
(functorial) constructions of the functor c'. 

We will use the construction described after (16.280 later on and refer 
to it as the second approach to c'. 

6.5.2. Second step. In the second step we define the functor c via a 
functor c" : C\^{J') — t- C^(T([0])). There is a shortcut to c described in 
Remark 16.81 below. ^ 

Let A = (y4",(i^) G C^(T). We draw this complex horizontally in 
the following diagram: 



(6.29) 



s{A~'] 



A-^ T^ A 







4 



A' 



d\ 



A 



s-\A^) 



s-\A^) 
The dotted arrows making everything commutative are uniquely ob- 



4 



tained using (fcat6) The diagonal is again a bounded complex (i. e. 
(i^ = (again by (fcat6))), now even in T([0]). We denote this com- 



plex by c"{A). This construction in fact defines a functor c" : C\{T^ — ?■ 

c\fm))- 

It is easy to check that there is a canonical isomorphism 



(6.30) 



c" o S o is-^' 



C'iT) 



S o c". 
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6.5.3. Definition of the functor c. By fixing a quasi-inverse i~^ to i we 
now define c to be the composition 

c:f^ Ciif) A C\fm)) ^ C\T). 

This functor maps an object X G T to the complex 
(6.31) 

■ ■ ■ ^ [-1] gr-i(X) ^ grO(X) ^ [1] gi\X) ^ [2] gr2(X) ^ . . . . 

Remark 6.8. An equivalent shorter definition of c would be to define it 

as uJcb o c'. 

Combining the above canonical isomorphisms ( I6.25P and f l6.30p we 
obtain: 

Proposition 6.9. The functor c constructed above is a functor 

(6.32) c:(f,[l]s-i)^(CU),S) 

of additive categories with translation: On objects we have a canonical 
isomorphism 

(6.33) c([l]s~i(X)) = Sc(X). 

7. Strong weight complex functor 
Our aim in this section is to show the following Theorem: 

Theorem 7.1 (cf. |BonlOt 8.4]). Let T be a triangulated category with 
a bounded weight structure w = (j"^<^ ^'j"^>^Y i,et {T,i) be an f- 



category over T. Assume that T satisfies axiom (feat?) stated below. 
Then there is a strong weight complex functor 

WC : r ^ K\^iw)r''\ 

In particular WC is a functor of triangulated categories. 

A proof of (a stronger version of) this theorem is sketched in |BonlO[ 
8.4], where M. Bondarko attributes the argument to A. Beilinson. 
When we tried to understand the details we had to impose the ad- 



ditional conditions that T satisfies axiom (feat?) and that the weight 



structure is bounded. We state axiom (feat 7) in Section 17.21 and show 
in Section 17.31 that it is satisfied in the basic example of a filtered de- 
rived category. Our proof of Theorem 17. II is an elaboration of the ideas 
of A. Beilinson and M. Bondarko; we sketch the idea of the proof in 
Section 17.11 and give the details in Section 17.41 
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7.1. Idea of the proof. Before giving the details let us explain the 
strategy of the proof of Theorem I7.1[ 

Let (T, i) be an f-category over a triangulated category T and as- 
sume that w = (J~^^^^ '-j-w>o^ jg g^ weight structure on T. Its heart 
Cp(w) = r"'=° is a full subcategory of T, and hence C\^{w)) C C\T) 
and K''{^{w)) C K'^iT) are full subcategories. Let T'^ be the full sub- 
category of T consisting of objects X eT such that c{X) G C^{p{w)) 
where c is the functor constructed in Section [6751 We have a "pull-back" 
diagram 



(7.1) f^-^c\T) 

u u 



of categories where we denote the lower horizontal functor also by c. 
Note that (16.331) shows that T" is stable under s~^[l] = [lls"""^. 
We expand diagram (17.11) to 



(7.2) f ^— C\T) ^^^ K\TY-^^ 

u u u 



and define h := canoe as indicated. We have seen in Proposition 16.91 
that c is a functor of additive categories with translation (where T (or 
T'^) are equipped with the translation [l]s"^); the same is obviously 
true for h. For this statement the homotopy categories on the right are 
just considered as additive categories with translation. In the follow- 
ing however we view them as triangulated categories with the class of 
triangles described in Sections 12.3.21 and [27 



From now on we assume that T satisfies axiom (fcat7) (stated below) 
and that the weight structure is bounded. 
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Consider the following diagram whose dotted arrows will be ex- 
plained: 



(7.3) 



r- — r 



K\T) 



anti 



j'^}lLfs -JL^ ir^(P(u;))^°ti 



^ ■■. y ..■■■ ft 

Q 

We will prove below: The restriction u\fs factors over some quotient 
functor T'^ — y Q and induces an equivalence cJ : Q A- T of addi- 
tive categories with translation (see Prop. I7.10p where the translation 
functor of Q is induced by [l]s~^. Transfer of structure turns Q into a 
triangulated category; its class of triangles can be explicitly described 
(cf. Lemma [7. 111) . 

On the other hand the functor h : T^ ^ K^{^{w)Y'^^^ factors over 
Q to a functor h of triangulated categories (see Cor. I7.15p . 

Let WC : T —7- K^{^{w)Y'°^^ be the composition /iocJ~^, where uj~^ 
is a quasi-inverse of cJ. (In diagram (17. 3p WC is the composition of the 
dotted arrows.) Then WC will turn out to be a strong weight complex 
functor, proving Theorem 17.11 

7.2. An additional axiom for filtered triangulated categories. 

Let T be a filtered triangulated category T. Let F in T be an object 
and consider the a-truncation triangle 



co 



9'y 






Applying the morphism a we obtain a morphism of triangles 



sigl) s(k°) s(v°) 



S'. 



Y ■ 



(r>iY 



9'y 



Y 



1,0 



[l]a<T>i(y) 

(r<oY ^^ [l](r>,Y. 



where we tacitly identify s([l]cr>i(F)) = [1]s((t>i(F)) and a[i]a^-^(Y) 
[l]aa>i(y)- 
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<S'y 



Y> 



aof 



X 



aof 



Given a inorphism / : X — )■ y in T, the morphism of triangles 



S^ 



Y 



S'x-- 



a>iY 



9'y 



9\ 



Y 






a<oY 



f 



^<M) 



1.0 



X — ^ ff<oX 



^ [l](r>iY. 
^ [l]a>iX 



is the unique morphism of triangles extending / (use Prop. 12.31 and 



(fcat3)). 



We denote the composition of this two morphisms of triangles by 
aof:S\^s{S'y): 
(7.4) 

s{o>rY) ^!l!lL_ s{Y) ^!i!lL_ ,(a<oF) ^±lL_ \l]s{a>,Y) 



ayof 



9\ 



X 



a<T<o(y)Oo"<o(/) 

^ cr<oX 



1.0 



[l]{"ff>i{y)°o">i{/)) 

- [l]a>iX 






"<T>i{y)°o">i(/) 

^>iX 

(We don't see a reason why this morphism of triangles extending ay o / 
should be unique; Proposition 12.31 does not apply. If it were unique 
axiom ((feat?)) below would be satisfied automatically.) 
Now the additional axiom can be stated: 

(feat?) For any morphism f : X -^ Y in T the morphism (I7.4p of 
triangles a o / : S*^ — )■ s(5'y) explained above can be extended 
to a 3 X 3-diagram 

(7.5) 

m9\ 



[l]a>iX 
h 
A — 



1 



X 



[i]fc^ 



[l]fT<oX -^^ -[2]cr>iX 

A 

e [1]'' ! 



Z 



B 



X ■ 



s{cy>iY) 

cr>iX- 



s{9'y) 



s{Y) 



s(4) 



ayof 



9\ 



- s{a<oY) 

"<T<o(y)°o"<o(/) 

► o-<oX 



s(4) 



1.0 



having the properties described in Proposition 12.41 
Instead of taking the morphism Sx > s{Sy) at the bottom of this 



A 
[l]ai 

[l]sia>,Y) 

A 

[l]("<T>i(i')°0->l(/)) : 

- [l]fx>iX 



"x 



3 X 3-diagram we get similar diagrams with morphisms Sx - 
at the bottom (use the functor s of triangulated categories) . 



aof 



> s{S^) 
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Remark 7.2. We first expected that axiom (feat 7) is a consequence of 
Proposition 12.41 In fact this proposition imphes that there is a diagram 
(17. 5p with nearly all the required properties: If we start from the small 
commutative square in the lower left corner, the only thing that is not 
clear to us is why one can assume that the morphism from a<QX to 
s{a<oY) is aa<o(y) ° o-<o(/). 



Remark 7.3. Some manipulations of diagram 17.51 (mind the signs!) 
show that axiom (fcat7) gives: For any morphism / : X — )■ F and 
any n G Z there is a 3 x 3-diagram of the following^ form: 
(7.6) 

[-l]sia>r.+iiY)) ^ A' a>„+i(X) — -^ s(a>„+i(F)) 



5x+' 



^(s?+') 



X 



ayof 



-l]s{Y) ^Z' 

-l]s(fcj) 

-l]s(a<„(F)) ^B' 

-l-l]s{v^) 

s(a>„+i(F)) - [1]A' ^ [l]a>„+i(X) .^"^.'. --^ [l]s(a>„+i(r)) 



-^s{Y) 
- a<n{X) —^ : s{a^^{Y)) 



-^W) 



7.3. The additional axiom in the basic example. Let A be an 

abelian category and consider the basic example DF{A) of a filtered 
triangulated category (as described in Section W\[ Prop. 16. 3p . 



Lemma 7.4. Axiom (feat?) is true in DF{A). 



Proof. Let / : X — )■ F be a morphism in DF{A). We can assume 
without loss of generality that / is (the class of) a morphism f : X ^ Y 



We assume here and in similar situations in the fohowing that [1][— 1] — id. 
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in CF{A). We explain the following diagram: 



F^[l]Lx ■■■■ 

— X 



[oi] 



\l]cix \n] [o l] 
■ ■^ ^ F"[1]X ■ ■ >- F"[1]X © F"[2]Lx ■ ■ ^ F''[2]Lx 



\9Y 
L gx 



[„i] 



1 

1 




10 
1 



A X 



10 
0-1 



[oi] 



F—^Ly e F"|l]i.Y —i:F"-^Y e F"[1)A' ^^ F»-iF e F"-'|l)Ly e F"|1)A' e F'[2]Lx -^ F"-'[llLy e F'lilLx 



[J] 



■' Lo -xJ 



F"-iL 



Y ~ 



/9 

F^Lx 



gv 



gx 



[J] 



\y 7 



?/ 7 1 
-x\ 



-^F"X 



[J] 



[l\ 



1 
1 





y 9Y 1 0" 

0-1/0 /3 
—X —gx 
X 



Lo -yj 



Ft 01 
Lo Bi 



-^F^XeF'^LllLx 



-xj 



[Ol] 



[oi] 



[l\ 



h'i] 



A ~y 

[l]/3 



F"[1]L 



X 



This diagram is the ra-th filtered part of the 3x3 diagram we need. For 
simplicity we will in the rest of this description not distinguish between 
a morphism and its ra-th filtered part. 

The lowest row is constructed as follows: Let Lx '■= -^(> 1) be as 
defined in 16.21 and let gx '■ Lx — )■ X be the obvious morphism (called i 
there). The lowest row is the (ra-th filtered part of) the mapping cone 
triangle of this morphism. This triangle is isomorphic to the triangle 
(16. 3 p and hence a possible choice for the cr-truncation triangle of X, cf. 
the proof of Proposition 16.31 

The second row from below is the corresponding triangle for s{Y). 

The lower right "index" at each object indicates its differential, e. g. 
the differential of X is x. 

The morphism of triangles between the lower two rows is constructed 
as described before (I7.4p . e. g. 7 = ay o / : X — >■ s(Y). 

Then we fit the morphisms /3, 7 and [qs] into mapping cone tri- 
angles. Then consider the horizontal arrows in the second row from 
above: They are morphisms of complexes and make all small squares 
( ant i-) commutative as required. 

We only need to show that this second row is a triangle. This is a 
consequence of the following diagram which gives an isomorphism of 



HOMOTOPY CATEGORIES AND WEIGHT COMPLEX FUNCTORS 
this row to the mapping cone triangle of [ ^(f gx ] " 
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pn~l 



L 



Y 



Igy 1 



Lo -xJ 



pn— 1 



L 



Y 



Lo -xJ 



\y 7 1 
Lo -x\ 



\gY 1 



\y 7 1 
Lo -xj 



rl 01 




















U 




10 






1 




0-1 






-^ F"-iy © F«-i i' Ly © F" 1' X © F" 2 L^ ^ ^"- 


-1 1 Ly © F" 2 Lx 






y 9Y 1 1 

0-^0 /3 






. X J 




rl On 
10 






-X ~gx 










10 




~ U a; 






rl On 


LO -l-i 








1 



l-O 0^ 

> 


- F"-iF © F"[1]X © F"-i[l]Ly © F"[2]L 


10 
1 

X F"- 


-l[l]Ly 


© F"[2]Lx 


- 


ry 1 9Y -| 
-X 9x 
~y -li 




L X J 












X 











D 

7.4. Existence of a strong weight complex functor. Let T be a 

triangulated category with a bounded weight structure w = (J~^^^^ '-j-w>o^ 
and let (T, ^) be an f-category over T. 

An object X G T is by definition in T^ if and only if c{X) G 
C\'^{w)). Using flOTD we obtain: 

(7.7) 



X G T' ^ Va G Z 
^VaG Z 
^VaG Z 



[a]gr'^(X) e^{w) = r'"='' 

gr"(X) = z-is-Va(X) G [-a]r"'=° = r'"=" 

a,(X)Gs"(^(r"'='^)), 



where "g" stands for "is isomorphic to some object in". 



Remark 7.5. Note the difference between T^ and the heart (18.31) of the 
unique compatible w-structure on T described in Proposition 18.31 



Observe that T^ is not a triangulated subcategory of T: It is not 
closed under the translation [1]. 

However T'^ is closed under [l]s~^ (use (16.331) ) and under extensions: 
If {A, X, B) is a triangle with A,BeT'^, apply the triangulated functor 
gr" and obtain the triangle (gr"(y4), gr"(X), gr"(i?)); now use that ']~^="- 
is closed under extensions (Lemma 14.31 (jlj)). 

It is obvious from (17. 7p that T'^ is stable under all cr-truncations. 

Lemma 7.6. Let X G f'i[a, b]) for a,beZ. Then u{X) G T'^eM]^ 
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Proof. We can build up X as indicated in the following diagram in the 

case [a, b] = [—2, 1]: 

(7.8) X = a<iX -^ a<oX -^ a<_iX — ^ a<_2^ — ^ (^k-sX = 



a,{X) ao(X) a_i(X) a^^iX) 

All triangles are isomorphic to cr-truncation triangles with the wiggly 
arrows of degree one. Since an{X) = s'^(i(gr"(X))) Proposition 16.61 



om3) yields uj{an{X)) = gr"(X). If we apply uj to diagram (17.81) we 



obtain a diagram that is isomorphic to 

uj{X) — s- uj{a<oX) — s- a;(cr<_iX) s- uj{a<_2X) *- 



gri(X) grO(X) gr-i(X) gr-'(X). 

Since gr"(X) G 7""'^" and all T"""-", 7""'-" are closed under extensions 
(Lemma 14.31 (j4])) we obtain the claim. D 

Remark 7.7. The converse statement of Lemma [7.61 is not true in gen- 
eral (but cf. Prop. I7.9P : Take a non-zero object X G T'*([0]) (so 
X = (To(X)Gi(T'"^°)) and fit the morphism ax into a triangle 

[-l]s(X) >-E X ^^ six). 

Then E E T'"^. Since uj{ax) is an isomorphism we have uj{E) = but 
range(^) = [0,1]. 

In the rest of this section we additionally assume: The weight struc- 
ture w = (7~'"^o^ q-wyo-^ jg bounded, and T satisfies axiom (feat 7) 



Lemma 7.8 f |BonlOl Lemma 8.4.2]). For all M,N G T' the map 

(ajv)* = (ajvo?) : Hom.^(M, X) -^ Hom^(M,s(X)) 
is surjective and for all a > the map 

(asa^N))* = (a.'^wo?) : Hom^(M, s'^(X)) -^ Hom^(M, s"+^(X)) 
is bijective. 
Proof. We complete ajy to a triangle 



ajv 



(7.9) X — i- s{N) ^Q [1]X, 
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apply s"" and obtain the triangle 






s'^iQ) 



l^KiN). 



Applying T{M, ?) to this triangle yields an exact sequence 

f{M, [-l]s"(Q)) -^ f{M, s%N)) i^f^i^^ f{M, s'^+i(iV)) ^ f(M, s"(g)) 



for a > 0, and 
for a > 0. 



Hence we have to prove: 

fiM, [-l]s"(Q)) = 

This is clearly implied by 

f{M, [&]s"(g)) = for all a,beZ with a + b>0. 

We claim more generally that 

(7.10) f(M', [c]Q)=0 for all c G N and all M' e f"; 

the above special case is obtained by setting M' := s~°'[a]M (note 

that T" is [l]s-^-stable) and c = a + 6 using f{M, [b]s''{Q)) ^-^ 

f{M',[c]Q). 

We claim that we can assume in (I7.10p that the support of M' and 
A^ (the object N determines Q up to isomorphism) is a singleton (or 
empty): For M' this is obvious; for N we use axiom (fcatT) for idAr : 
N ^ N and obtain the following 3 x 3-diagram: 

[l]a>,+i(iV) ■- [l]s(a>,+i(iV)) - [1]Q' ■>- [2]aya+i{N) 






N' 



s{N) 



a>d+i(Ar)-:^ii-.(a>,+i(iV)) 



Q" 



Q 






[1]N 



Q' -[l]^>i(A^) 



This shows that knowing (17.101) for Q' and Q" implies (I7.10p for Q, 
proving the claim. 
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Assume now that the support of M' is [x\ and that of A^ is [y\ for 
some x,y G Z. This means that we can assume (cf. f l7.7p ) that 

M' = s^i(X) for some X G r'"='', and 

N = sH{Y) for some Y G r'"=^. 

Since M' is in T(> x), the triangle {a>x{[c]Q), [c]Q,a<x-i{[c]Q)) and 



(feats) show the first isomorphism in 



T{M', [c\Q) r T{M',a>x{[c]Q)) ^ T{uj{M'),uj{a>x{[c]Q))), 



the second isomorphism is a consequence of (om4) and M' G T(< x). 
Note that Q and [c]Q is in T{[y, 2/ + 1]) by (17. 9p . In order to show that 
T{u{M'),ijj{a>x{[c]Q))) vanishes, we consider three cases: 

(1) x>y + l: Then a>x{[c]Q) = 0. 

(2) X < y: Then <7>x{[c]Q) = [c]Q. Applying the triangulated 



functor u to f l7.9p and using (om3) shows that u{a>x{[c\Q) 
uj{[c]Q) = 0. 
(3) X = y+1: Applying the triangulated functor a^x to f l7.9p shows 
that a>x{[c]Q) = [c]s{N) = [c\sy+H{Y) = [c]s%Y). Hence we 
have 

riu{M'),u{a>x{[c]Q))) = r{ujis^tiX)),uj{[cyt{Y))) - r(X, [c]Y) 



where we use (om3) {i{X) and s^i{X) are connected by a se- 
quence of morphisms as?j(x); and similarly for i{Y)) and the fact 
that i^l-f(roi) is a quasi-inverse of i. Since X G 7"""-^ = T^-y+^ 



and [c]y G r'"-^-^ C T"'-^ we have T{X, [c]Y) = by (ws3) 



D 

Proposition 7.9. The restriction u\fs : T^ ^ T of u : T ^ T is 
full (i. e. induces epimorphisms on morphism spaces) and essentially 
surjective (i. e. surjective on isoclasses of objects). 

More precisely ^^Ifsnab]) ■ '^'^iW^^) ~^ 'J"^'^["-M ^^j^ Lemma pTT^ has 
these properties. 

Proof. We first prove that u\fs induces epimorphisms on morphism 



spaces. Let M^N G T^. By (fcat2) we find m,n E 1, such that 



M E T{< m) and N E T{> n). Choose a E Z satisfying a > m — n. 
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We give a pictorial proof: Consider the following diagrams 
(7.11) s^iN) oois^iN)) 
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u{M) 




uisiN)) 



^{"iv) 



u{N). 



Assume that we are given a morphism qq. Since u maps every a? to an 



isomorphism (cf. (om3)), go uniquely determines gi,...,ga such that 
the diagram on the right commutes. 



Since M G T(< m) and s^iN) G T(> n + a) C T{> m), |(om4) 
implies that there is a unique fa satisfying u{fa) = ga- This fa yields 
/a-i, . . . , /i (uniquely) and /o (possibly non-uniquely) such that the di- 
agram on the left commutes (use Lemma [7]8]). Taking u of the diagram 
on the left it is clear that a;(/o) = go- 

Now we prove that uj\fs is surjective on isoclasses of objects. Let 
X G T be given. Since the given weight structure is bounded there are 
a,b E Z such that X G T"'"'^'"'*^ We prove the statement by induction 
on 6 — a. If a > 6 then X = and the statement is obvious. Assume 
a = b. Then s"(i(X)) is in r"(H) by ([72D and we have u;(s"(^(X))) = 
ij{i{X))^X. 

Now assume a < b. Choose c E Z with a < c < b and take a weight 
decomposition 

(7.12) w>c+iX ^X ^ w<,X -^ [l]w>,+iX. 

Lemma SJ (P shows that w<cX G r"'^^"''] and w>c+iX G T'^el^+i.^]. 
By induction we can hence lift w<cX G 7""'^^"''^' and [l]t(;>c+iX G 
7-«,e[c,b-i] ^Q objects A G f'i[a,c]), B G f'i[c,b - 1]). This shows 
that the triangle (17.121) is isomorphic to a triangle 



(7.13) 



[-l]uj{B) ^X ^ uj{A) 4 uj{B). 



Since we have already proved fullness there exists f : A -^ B such that 
u){f) = g. We complete the composition A ^f B — ^ s{B) to a triangle 



aof 



[-l\s{B) ^ X -^ A ^^ s{B). 
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The image of this triangle under u is isomorphic to triangle (I7.13P . In 
particular^X = w(X). Since [-l]s{B) e f"([c+l, b]) and A e f'i[a, c]) 
we have X G T'^([a, 6]) since T'*([a, &]) is closed under extensions. D 

In the following we view T^ as an additive category with translation 



[l]s ^. Proposition 16. 6 [ (om3) and the fact that u is triangulated turn 
wl^s : T'' — 7- T into a functor of additive categories with translation. 

Recall (for example from [ASSOGj A. 3.1]) that a two-sided ideal X 
in an additive category ^ is a subclass of the class of all morphism 
satisfying some obvious properties. Then the quotient A/T has the 
same objects as A but morphisms are identified if their difference is 
in the ideal. Then A/T is again an additive category and the obvious 
quotient functor can : A — )■ A/T has an obvious universal property. 
If F : ^ — 7- i3 is an additive functor of additive categories, its kernel 
ker F is the two-sided ideal given by 

{keTF){A,A') = ker(F : A{A,A') -^ 13{FA,FA')) 

for A,A' e A. ^ 

Define Q := T'^ / (kei uj\fs) and let can : T'^ — )• Q be the quotient 
functor. ^ ^ 

The functor [l]s^^ ■.T'^^T'^ descends to a functor Q — > Q denoted 
by the same symbol: (Q, [l]s^^) is an additive category with translation 
and can is a functor of such categories. 

Proposition 7.10. The functor uj\fs factors uniquely to an equivalence 

of additive categories with translation (as indicated in diagram (17.31) ). 

Proof. This is clear from Proposition 17.91 D 

In any additive category with translation we have the notion of can- 
didate triangles and morphisms between them. Let Aq be the class of 
all candidate triangles in Q that are isomorphic to the imagqj 



-l]s{X)^^Y^^Z^^X 



in Q of a sequence 



-l]s(X)^-F^-Z^^X 



in T"* such that 



[-l]s{X)^^Y^^Z^^^s{X) 



We assume that [l]s ^[— l]s = id. 
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is a triangle in T. 

Lemma 7.11. {Q, [1]s^^,Aq) is a triangulated category anduJ: Q — )■ 
T is a functor of triangulated categories. 

Proof. Since we already know that uJ is an equivalence of additive cate- 
gories with translation it is sufficient to show that a candidate triangle 
in Q is in Aq if and only if its image under cJ is a triangle in T. This 
is an easy exercise left to the reader. D 

Remark 7.12. There is another description of Aq: Let A'q be the class 
of all candidate triangles in Q that are isomorphic to the image 

X^^Y^^Z^^ [l]s-\X) 
in Q of a sequence 

X -U Y ^- Z -^^ [l]s-\X) 



in T^ such that 

foa 



->-!/ 



{X)^^^V^-Z^^[l]s-\X) 

is a triangle in T. Lemma 17.111 is also true for the class A g of triangles 
with essentially the same proof. This shows that Aq = Ag. 

Recall that c and h are functors of additive categories with trans- 
lation if we equip T (or T*) with the translation [l]s~^. This is used 
implicitly in the next proposition. 

Proposition 7.13. Let m : M ^ N be a morphism in T*. Assume 
that On o rn appears as the last morphisms in a triangle 

(7.14) i-MN) -^^Q^L^M^^^ s{N) 

in T. Then Q G T^ , the functor c -.T^ ^- C^{^{w)) maps the sequence 

(7.15) l-MN) ^^Q^L^M^^N 
in T'^ to a sequence that is isomorphic to 

n 1 dm] 

(7.16) i:-\c{N)) ^^ S-i(Cone(-c(m))) ^^ c{M) —^ c{N) 

m C^{^{w)), and the functor h : f' ^ K''{^{w)Y''^' maps IH^I^ to a 
triangle in K''{'\^{w)) 

In the particular case that m = id^v : N ^ N we have h{Q) = in 
K^{'^{w)y^^\ i. e. idc(Q) is homotopic to zero. 
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Proof. Since T'^ is stable under [— l]s and closed under extensions, the 
first three objects in the triangle fl7.14p are in T^. 

When computing c = c" o d in this proof we use the second approach 
to c' described at the end of Section 16.5.11 

First case: m is a morphism in T'^([a]): We start with the case 
that m : M — )■ A^ is in T''([a]) for some a G Z. Assume that we are 
given a triangle 



(7.17) 



[-l]s(A^) *- L *- M *- s{N). 



in T (cf. fl7.14p : we write L instead of Q here for notational rea- 
sons to become clear later on). Note that range(L) C [a,a + 1] and 
range ([-l]s(A^)) C [a + 1]. Let 



u" v" L 

aa+l{L) ^ L ^ (Tail) ^ [l](Ja+l{L). 

be the triangle! constructed in the second approach to c'(L), cf. fl6.28p . 
This triangle is uniquely isomorphic to the triangle fl7.17p by an iso- 
morphism extending id^ (use Prop. 12.30 : 



(7.18) a,+i(L) ^^ L ^^ (Tail) -^^ [l]a„+i(L) 



-l]s{N)^^L^^M 



aj^om 



^s{N). 



This proposition even characterizes p as the unique morphism making 
the square on the left commutative (and similarly for p~^), and q as 
the unique morphism making the square in the middle commutative. 

In order to compute the differential of c'{L) in terms of m and to 
identify p and q we follow the second approach to c' described in Sec- 
tion 16. 5t We apply to the triangle (I7.17P the sequence of functors in 
the left column of the following diagram (cf. (I6.28P ) and obtain in this 



^ We assume in this proof without loss of generahty that (T>„ (more precisely 
g" : a>n -^ id) is the identity on objects of T(> n), and similarly for fc". This 



gives for example o'i^a.,a+i]{L) = L. 
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way the rest of the diagram: 
(7.19) (T^+i [-l]s{Nf^^^ aa+^{L) -0 ^ s{N) 



cri 



a,a+l] 



-l]s{N) 



(Tail) 



<Ta{v') 






M 



[1] 



(J. 



a+l 



s{N) 



[l]aa+i(u' 



h^a+l{L) 



-^0 



[l]s{N) 



p ^ and <7a{v') 



From the above remarks we see that cra+i('u') = p " ana cra[v' ) = q 
(this can also be seen directly from (I7.18P using the adjunctions but we 
wanted to include the above diagram). If we also use the commutativity 
of the square on the right in (17.181) we obtain 

(7.20) {[l]aa+i{u'))-' o dl o Mv'))-' = {[l]p) o dl o g-i = a^ o m. 

We will need precisely this formula later on. It means that (up to 
unique isomorphisms) the differential dl is aN o m. 

Let us finish the proof of the proposition in this special case in order 
to convince the reader that we got all signs correct. 

These results show that the image of the sequence 



(7.21) 



l-MN) 






in T* under the functor c' is the sequence 







(TaiL) 



s{N) ^^\l]a,^,{L) 



M 







N 







in C^IT) where we draw the complexes vertically and only draw their 
components of degree a in the upper and of degree a + 1 in the lower 
row (all other components are zero). These sequence is isomorphic by 
the isomorphism (id, [ [i^p] , id, id) to the sequence (use (I7.20p ) 







M 



id« 



M' 



id 



s(N) 



aj^om 



s{N)—^s{N) 



N 



-^0. 
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If we now apply the functor c" we see that the image of f l7.2ip under c 
is isomorphic to 







'(N) 



■ 1 S ^ I TThi 



id 



s "(m) 



-^ S 



\N) 







-^0 



which is precisely fl7.16p . If we pass to the homotopy category we 
obtain a candidate triangle that has the same shape as (12.61) but all 
morphisms are multiplied by —1: It is a triangle in K''{^{w)Y'°^\ This 
finishes the proof in the case that ?7i : M — )■ A^ is in T''([a]) for some 
aeZ. 

Observation: Recall that the first three objects of triangle (17.141) 
are in T'^. If we apply the triangulated functor at (for any 6 G Z), 
we obtain a triangle with first three terms isomorphic to objects in 
s^(i(T"'^^) by (17. 7p : since there are only trivial extensions in the heart 
of a weight structure (see Lemma 14.30 . this triangle is isomorphic to 
the obvious direct sum triangle. We will construct explicit splittings. 

The general case. Let m : M ^ N he a morphism in T'^. 



Let a G Z be arbitrary. Axiom (feat 7) (we use the variant (17. 6p for 
the morphism cr<a(r77,) : X = a<a{M) -^ Y = (T<a{N) and n = a — 1) 
gives a 3 X 3-diagram 
(7.22) 



[-l]sMN)) 



-l]s(9") 



f 

J a 






<9^) 



[-l]s(a<,(iV)) — ^^ g, — :^ a<„(M) -^ -^ s{a<a{N)) 



[-l]s{k%-^'^) 



Ja~l,a 

[-l]sia<a-iiN)) ^^ Qa-i ^i a<,„i(M)- s(a<,_i(iV)) 



s{k%-'n 







sMN)) 



[l]La -[l]a,(M)-'' "^■■■■'- --AMcraiN)) 



where we write k^~ '"" for the adjunction morphism fc"~\ and g"" for the 
adjunction morphisms g'^^ ^j and g'^^ ^. We fix such a 3 x 3-diagram 
for any a G Z. 



By |(fcat2)| we find A G Z such that M,N E T{< A). Then the top 
and bottom row in diagram (I7.22p are zero for a > A, and the two 
rows in the middle are connected by an isomorphism of triangles. It is 
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easy to see (first define /^, then f^-i = fA-i,AfA etc.) that there are 
morphisms fa-Q^ [l]Qa (for any a G Z) such that fa-i,afa = fa-i 
holds and such that 



(7.23) 



[-l]s{N) 



Q 



M- 



afjom 



[-ns(k-^) 



[-l]s(a<,(iV)) 



fa 



Qa 



o-< 



s{N) 



is a morphisni of triangles, where the top triangle is (I7.14p . the bottom 
triangle is the second horizontal triangle from above in (I7.22p and k^ 



are the adjunction morphisms. Since fc?" ' fc" = k^~ holds (under the 
usual identifications, cf. (16. 7p ). the morphisms of triangles (I7.23P (for 
a G Z) are compatible with the morphisms between the two middle 

rows of imm . 

We claim that (Jh{fa) is an isomorphism for all b < a: Applying the 
triangulated functor at to (17.230 gives a morphism of triangles with 
two components isomorphisms by (16.80 (and (16. lip ): hence it is an 
isomorphisms and (Jbifa) is an isomorphism. This shows that any fa 
induces an isomorphism between the parts of the complexes c{Q) and 
c{Qa) in degrees < a: Apply (f : ab ^ [l]ab+i to fa for all b < a. 

Note that the three horizontal triangles in (17.220 are of the type 
considered in the observation. Applying ab (any 6 G Z) to them yields 
triangles with vanishing connecting morphisms. Hence we omit these 
morphisms in the following diagram which is (Ja applied to the nine 
upper left entries of (17.221) (we use again some canonical identifications) 



(7.24) 



Cra{La) 



(ya(v'a) 



-CTaiM) 



'^aifD 



^ail-MN)) 



l^aiUa) 



" ^ 



0-a{Va) 



id 



id 



^a{[-l]s{N)) 



0-a{Qa) 



(Ta{M) 



0-a{Ua-l) 

and where the dotted arrows are defined by 

£a ■= {(^a{Ua-l)y^ O (Ta(/a-l,a), 



72 



OLAF M. SCHNURER 



So the four honest triangles with one dotted arrow commute, in par- 
ticular Sa o aa{ua) = id and aa{va) o Sa = id. Note that Ea o 6a = 
since the middle column in (17.241) is part of a triangle (this comes from 
axiom (feat?) used above). Lemma [2TT] gives an explicit splitting of the 



middle row of (17^241) : 



(7.25) cJai[-l]siN)) 



l^aiUa) 



CTaiQa) 



0-a{Va) 



OaiM) 



cr. 



[J] 



Lo-a(Da)J 



[oi] 



„([-ll3(iV)) -i^ „„(|-l]s(iV)) e <T„(A/) -^-^ a^(M) 



and states that [o-a(Ma) <5a] is inverse to [ct/(^„)]. 

Our aim now is to compute the morphisms which will yield the dif- 
ferential of c{Q) using this explicit direct sum decomposition. 

We explain the following diagram (which is commutative without 
the dotted arrows). 



(Sa-l 



(7.26) aa-iil-MN)) ^^^^^1^ a„_i(g„ ■ ^^^^^^^ a„_i(M) 



£a-l 



a,_i([-l]s(iV)) 



0-a~l(Ua) 



^a-lifa-l,a) 



(^a-l{Qa) 



^l]s(N) 



[IMI-MN)) 



[l]o-a(Ma) 



Qa 



[iWaiQa) 



^a-l(Va) 



msa 



[i-]o-a{Va) 



^a-l(M) 



[l]^a(M) 



[Ilea 



The first two rows are (the horizontal mirror image of) (Ja-i applied to 
the two middle rows of (I7.22p . The last row is [1] applied to the middle 
row of (17.241) . The morphism between second and third row is that 
from (I6.28p . Note that we have split the first and third row explicitly 
before. 

This diagram shows that 



d'^Q-' : ^a-i(g) ^ [iKiQ) 
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(7.27) 

if we identify 



ja— 1 

1]. 





,a-l 



"[-l]s(Af) '^ 



r Sa-l 1 

Oa-l{Q) ^^^lii^ a„_i(g„_0 ^'^"-^"'^^^ a„-l([-l]^(iV)) © ^a-l(M) 

and 

r mea 1 

[l]^a(g) "^t^^°^ ^ [l]a„(g.) '^^'^f "^ : [l]a„([-l]s(iV)) © [l]a„(M) 

along (17.251) . for some morphism 

K'^-^:aa-i{M)^[l\a^{\-l\s{N))- 

which we will determine now; our aim is to prove (I7.29p below. 
We apply to the commutative diagram 

fa-l 




the morphism d"''^^ : (Ja-i -^ [l]o"a of functors and obtain the middle 
part of the following commutative diagram (the rest will be explained 
below) : 




0"a-l{/a-l) 



, , ^a-lUa-l) ^ "^ (Ta-lifa-l.a) , , CTa-l{fa) , , 

aa-l{La-l) *- 0-a-l{Qa-l) "* 0-a^l{Qa) ^ Cra-l(g) 



\\\Oa{La- 



[ll'^aC/^-l) 



Qa-\ 



WaiQa- 



[l]o-a(/a-l,a) 



[l]^a«_i) 




Wa{Qa 



\^VaUa) 



Waiff) 



[l](Ta(Ua-l) 



[l]a.([-l].(iV)) 



[l]a„([-l].(iV)) 



The honest triangles with diagonal sides ba-\ and [Ije^ respectively 
are commutative by (I7.24p . The lower left square commutes since it is 
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(up to rotation) [IJcTq applied to the upper left square in fl7.22p (after 
substituting a — 1 for a there). Note that [l]cra(^^a_i) is an isomorphism 
since aa{(Ja-i{M)) = 0. It is immediate from this diagram that k'*"^ is 
the downward vertical composition in the left column of this diagram, 
i. e. 

(7.28) K^'' = {[IKK_,))-' o dl-l o (a._i«_J)-\ 

Recall that the considerations in the first case gave formula (I7.20p : 
if we apply them to the morphism aa-i{m) : cra-i(M) — )■ aa-i{N) in 
T^{[a — 1]) and the top horizontal triangle in (I7.22p (with a replaced 
by a — 1) (which plays the role of (I7.17P ). this formula describes the 
right hand side of (17.280 and hence yields 

(7.29) k''-^ = a^^_,(N) o aa-i{m). 

Let us sum up what we know: We use from now on tacitly the 
identifications 

aa{Q) ^ aai[-l]s{N)) (B aa{M) 

givenhj (7a{fa) and (I7.25p . Then the morphism rfg : aa{Q) -^ [l]o"„_|_i(Q) 
is given by the matrix 



dQ 



d'[-i]siN) a^a(N) o cTaim) 



Ja 



Shifting accordingly this describes the complex c'{Q) completely. More- 
over, the morphisms c'{u) : c'([— l]s(A^)) — )■ c'{Q) and c'{v) : c'{Q) — ?■ 
c'{M) become identified with the inclusion [J] of the first summand 
and the projection [5] onto the second summand respectively. 

Then it is clear that c{Q) = c"{c'{Q)) is given by (we assume that i 
is just the inclusion T([0]) C T): 

c{Qr = c{[-l]s{N)y ® c{Mr, 



"c(Q) 



dc([-l]s(N)) 



n rl"' 

^ "'c{M) 



Using the canonical identification c{[—l]s{N)) = S ^c{N) we see 
that c maps (I7.15P to (17.161) . As before this becomes a triangle in 
ir^(^(w))^°", cf. (ESD. □ 

Corollary 7.14. For all M,N ef', 

h : Hom^,(M,A^) -)■ Hom;^6((^(^))anti(/i(M), /i(A^)) 
vanishes on the kernel ofuj\fs '■ llom.fs{M,N) — )■ Hom7-(a;(M),ci;(A^)). 
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Proof. (We argue similarly as in the proof of Proposition 17.91 ) Let 



M,N e T". By (fcat2) we find m, n G Z such that M e T{< m) and 



A^ G T{> n). Choose a G Z satisfying a > m — n. Consider the follow- 
ing commutative diagram where the epimorphisms and isomorphisms 
in the upper row come from Lemma [7181 the isomorphisms in the lower 



row from Proposition I6.6[ (om3) , and the vertical morphisms are ap- 
plication of U] the vertical morphism on the right is an isomorphism 



by Proposition 16.61 (om4) 
f{M, N) - 



Q_/vo: 



nM,siN)) 



-r(M,s'*(Ar)) 



r{u{M),u{N)) -^^ r{co{M),u{s{N))) -^^ r{co{M),u{s''{N))) 

This diagram shows that the kernel of the vertical arrow u on the left 
coincides with the kernel of the horizontal arrow (aAro?). 

Let / : M — )■ A^ be a morphism in T^ and assume that uj{f) = 0. 
Since on o / = the morphism / factors to /' as indicated in the 
following commutative diagram 



-l]s{N) 



Q 



f 



M 



N^^siN), 



where the lower horizontal row is a completion of on into a triangle. 
Proposition 17.131 shows that h{Q) = and hence h{f) =0. D 

Corollary 7.15. As indicated in diagram (17. Sp . the functor h of addi- 
tive categories with translation factors uniquely to a triangulated func- 
tor 

h:{Q, [l]s-\ Aq) ^ K\^{w)Y'''\ 



Proof. Corollary 17.141 shows that h factors uniquely to a functor h of 
additive categories with translation. Proposition 17.131 together with 
the description of the class of triangles Aq before Lemma 17.111 show 
that /i is a triangulated functor. D 



Proof of Thm. \7.1\ We first use Proposition 17.91 For any object X E T 
we fix an object X E T^ and an isomorphism X = uj{X). Then we 
fix for any morphism / : X — )■ F in T a morphism / : X — )■ F in T* 
such that / corresponds to oj{f) under the isomorphisms X = Co'(X) 
and Y = uj(Y). Mapping X to X and / to the class of / in Q defines 
a quasi- inverse cJ~^ to cJ (and any quasi- inverse is of this form). We 



76 OLAF M. SCHNURER 

claim that WC := houJ^^ (cf. diagram (17. 3p ) is a strong weight complex 
functor. Lemma [7. Ill and Corollary 17. 151 show that it is a triangulated 
functor. We have to show that its composition with the canonical 
functor K{^{w))^^^'' — t- K^caki^iw)) is isomorphic to a weak weight 
complex functor. 

Observe that the constructions of the weak weight complex functor 
(see Section [5]) and of c' (see Section lB.S.ip are almost parallel under u: 
Lemma [7^ shows that u maps cr-truncation triangles of objects X & T'^ 
to weight decompositions. This means that we can take the image 
a;(S'~) of S"- (see (16.201) ) under w as a preferred choice for the triangle 

Tx (see (15. ip ): more precisely we have to replace to'(X) in oo^S'-) by X. 

Similarly the octahedron 0~ (see (I6.23P ) yields uj{0^) as a preferred 
choice for the octahedron Ox (see (15.30 ): We have w„X = u;(cr„(X)). 
Since the octahedron Ox is functorial we immediately get preferred 
choices for the morphisms /" in (15. 7p . namely a;(cr„(/)). These pre- 
ferred choices define the assignment X \-^ WCc{X), f \-^ WCdf) = 
{[n]uj{an{f)))nGZ- Passing to the weak homotopy category defines a 
weak weight complex functor WC : T — )■ K^^aki''^ (w)) (see Thm. 15. 2p . 
Let can : C''(^) — )■ K^{^{w)y^^^ be the obvious functor. Then we 
have (using Rem. 16.81) 

can oWCc o u) = can oujct o c = can oc" o c' = can oc = h 

on objects and morphisms and, since h is a. functor, as functors T^ — )■ 
K\^{w)Y''^\ This implies that canoWCc ^hoZJ"^ = WC. The 
composition of canoWCc with _ft'''(^(w;))''°*' -)■ K^enki^i^)) is the 
weak weight complex functor WC from above. Hence WC is a strong 
weight complex functor. D 

Remark 7.16. At the beginning of the proof of Theorem 17. II we chose 
some objects X. Let us take some more care there: For X = choose 
X = 0. Assume X ^ Then let a, 6 e Z be such that X G r'"e[a,6] 
and 6 — a is minimal. Then Proposition 17.91 allows us to find an object 
X G T'*([a, 6]) and an isomorphism X = u{X). Taking these choices 
and proceeding as in the above proof it is obvious that WC : T — t- 
ir^(^(w))^"" maps r"'^["'^l to K['^'^l(Q?(w)). 

8. Lifting weight structures to f-categories 

We show some statements about compatible weight structures. For 
the corresponding and motivating results for t-structures see |Bei87t 
Prop. A 5 a]. 
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Definition 8.1. Let (T, z) be an f-category over a triangulated cate- 
gory T. Assume that both T and T are weight categories (see Def. l4.ip . 
i. e. they are equipped with weight structures. Then these weight struc- 
tures are compatible iu 

(wcomp-ftl) i : T — > T is w-exact and 
(wcomp-ft2) s(f"'-°) = f"'^^ 

Note that the at first sight asymmetric condition (wcomp-ft2) implies 

its counterpart 

(wstr-ft3) s(f"'-°) = f'"^\ 

as we prove in Remark 18.21 below. 

Remark 8.2. Assume that T together with i : T — )■ T is an f-category 
over the triangulated category T, and that both T and T are equipped 
with compatible w-structures. Then f l4.3p and (wcomp-ft2) show that 



Now apply the translation [1] to get (wstr-ft3) 



The statement of the following proposition appears independently in 
|AK1H Prop. 3.4 (1)] where the proof is essentially left to the reader. 

Proposition 8.3. Let {T,i) be an f-category over a triangulated cate- 
gory T. Given a w-structure w = (J"^^^^ '-j-w>o^ ^^ -y-^ there is a unique 
w-structure w = (J"^^^^ q-wyo^ ^^ q- ^^^^ ^^ compatible with the given 
w-structure on T ■ It is given by 

(8.1) f""^^ = {X G f I gr^(X) G T""^-^' jor all j G Z}, 

From 08.11) we get 

(8.22 

r'^<^ := [-nJT'"-" = {X G r I gr^(X) G T""-""^' for all j G Z}, 

f"'^" := [-r2]f"'-° = {X G f I gr^(X) G T""-""^' for all j G Z}. 

The heart of the w-structure of the proposition is 

(8.3) ^(w) = f"'=° = {X G f I gr^(X) G r"'=~^' for all j G Z}. 



Condition (wconip-ftl) is natural whereas |(wconip-ft2) is perhaps a priori not 
clear. Here is a (partial) justification. Take an object ^ X E 'v'(w) (where w 
is the w-structure on T) and denote i{X) also by X. Then we have the nonzero 
morphism ax : X ^ s{X). Now X G T'"-° and s{X) e s(f'"'-°). So we cannot 
have s(f™^") = f"'^-^ 
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Proof. Uniqueness: We assume that we already know that f IS.ip is 
a compatible w-structure. Let X be any object in T. Then X is in 
T{[a, b]) for some a,b E Ij. We can build up X from its graded pieces 
as indicated in the following diagram in the case [a, b] = [—2, 1]: 
(8.4) 
X = cr<iX ^ (T<o^ 5- (r<^iX ^ a<-2X 





s-\^{gT-\X))) 



s-\^{gT-^iX))) 



^ a<--iX = 



All triangles are isomorphic to a-truncation triangles with the wiggly 
arrows of degree one. 

Assume that (^(^"'<o^(^"'>0) jg a compatible w-structure on T. We 
claim that 



r-" c c^-" and r-'' C c 



->w>0 



which implies equality of the two w-structures (see Lemma [4.41) . As- 
sume that X is in f "'-°. Then gr-^^X) G T""-'^ implies i(gr^(X)) G 
C'^-~^ and we obtain s^ {i{gT^ {X))) G C"^-^. Now an induction using 
(18.41) (respectively its obvious generalization to arbitrary [a,b]) shows 
that X is in C"'^°. Analogously we show r"'^° C C""^". 

Existence: If (18.11) defines a w-structure compatibility is obvious: 



(wcomp-ftl) is clear and (wcomp-ft2) follows from gr-' os = gr-' (see 



(EI2])). 

We prove that (18.11) defines a w-structure on T. 

Condition (wsl) holds: All functors gr-^ are triangulated and in par- 
ticular additive. Since all T^-^ and T""'--' are additive categories and 
closed under retracts in T, T'^-'^ and 7"*"-° are additive categories and 
closed under retracts in T. 



Condition (ws2) follows from (18.21) . 



Condition |(ws3)[ Let X G T""-^ and Y G T""-". It is obvious from 
( 18. 2p that all T"'"-" and 7""'-" are stable under all cr-truncations. Hence 
we can first cr-truncate X and reduce to the case that 1{X) < 1 and then 
similarly reduce to 1{Y) < 1. So it is sufficient to prove Hom(X, Y) = 
for X G f{[a]) and Y G f{[b]) for arbitrary a, 6 G Z. Let f : X ^ Y 
be a morphism. 



If 6 < a then / = by |(fcat3) 

Let b = a. Then / = <Ja{f) (under the obvious identification) 
and aaif) = s''(i(gr"(/))). But gr"(/) : gr"(X) -^ gr'^(F) is 
zero since gr"(X) G T"'-^"" and gr''(F) G T""-"". 
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Let b > a. Then / can be factorized as X -^ s ^'' ""'{Y) — 
for a unique /' using (fcat6) Then 

and the case b = a imply that /' = and hence / = 0. 



-^Y 



Condition (ws4) By induction on 6 — a we prove the following state- 



ment (which is sufficient by (fcat2)): Let X be in T([a,6]). Then for 



each n e Z there are triangles 

(8.5) W>n+lX -> X -> w<nX -^ [l]w>„+iX 

with w>n+iX G 7^""^"+^ ([a, b]) and w<nX e r'"^"([a, b]) and satisfying 

(8.6) a;(t^>„+iX) G r"'^"+^-^ 

u;(w<„X) G r"'^"-^ 

For 6 — a < we choose everything to be zero. Assume b — a = 0. 
Then the object s~"(X) is isomorphic to i{Y) for some Y in T. Let 
m G Z and let 

ti;>m+iF -^ F -^ w<mY -^ [l]w>m+iY 

hea{w>m + l,w< m)-weight decomposition of F in T with respect 
to w. Applying the triangulated functor s" o i we obtain (using an 
isomorphism s^"(X) = i{Y)) a triangle 

(8.7) s''{t{w>^+iY)) ^ X ^ s''{i{w<mY)) ^ [l]s''{i{w>m+iY)). 

Since i{w>m+iY) G f'"-"'+\[0])wehaves''{i{w>m+iY)) G f"'-™+^+"([a]), 
and similarly s"'{i{w<rny)) ^ T^-"^~^"'{[a]). Take now m = n — a and 



define the triangle (18. 5p to be (18. 7p . Then (18. 6 p is satisfied by (om3) 
Now assume b > a. Choose a < c < b. In the diagram 



[l]w>„+lOr>c+lX ^ [l]o->c+lX ^ [l]w<„,0->c+lX ^ [2]w>„+i(T>c+lX 



W>n+l<J<cX 



a<cX 



-^ W<nO-<cX 



[1] 
-^ [l]w>„+lCr<cX 



the vertical arrow in the middle is the last arrow in the a-truncation 
triangle a>c+iX — > X — )• cr<cX — ;■ [l]a>c+iX. Using induction the 
lower row is (18. 5p for a<cX and the upper row is [1] applied to (18. 5 p 
for 0">c+iX where we also multiply the last arrow by —1 as indicated 
by 0; then this row is a triangle. In order to construct the indicated 
completion to a morphism of triangles we claim that 

(8.9) IIom([£]w>„+ia<cX, [l]w<„a>c+iX) = for e < 2. 
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Since the left entry is in T(< c) and the right entry is in T(> c + 1) 



it is sufficient by (om4) to show that 



Hom([e]a;(u;>„+i(a<,(X))), [l]w(«;<„(a>,+i(X)))) = for £ < 2. 



But this is true by axiom (ws3) since the left entry is in T 



~w'>n+l—c—£ 



c 



Hence claim (18.91) is proved. 

This claim for e G {0, 1} and Proposition 12.31 show that we can 
complete the arrow in fIS.Sp uniquely to a morphism of triangles as 



indicated by the squiggly arrows. 

Now multiply the last morphism in the ffist row of (18. Sp by —1; this 
makes the square on the right anti-commutative. Proposition 12.41 and 
the uniqueness of the squiggly arrows show that this modified diagram 
fits as the ffist two rows into a 3 x 3-diagram 

[l]w>n+lCr>c+lX *- [l]0->c+lX ^ [l]w<n(T>c+lX *- [2]w>n+lCr>c+lX 



w>n+icr<cX 



A 



-^o-<cX 



-^ 'W<n<^<cX 



[l]w>n+icr<cX 



X 



B 



[1 



A 



'W>n+l(T>c+lX 



-^ 0'>c+lX 



-^ W<n(J>c+lX 



[l]w>n+i(r>c+iX 



where we can assume that the second column is the cr-truncation tri- 
angle of X. 

We claim that we can define w>n+iX := A and w<nX := B and 
that we can take the horizontal triangle {A,X,B) as (18. 5p : Apply the 
triangulated functor gr-' to the vertical column containing A. For j < c 
this yields an isomorphism 

grJ A ^ gr^' W7>„+i(T<,X G r'"^-+^-\ 

and for j > c we obtain isomorphisms 

g,J A ^ gr^- w>n+ia>,+,X G r"'^"+^-^'. 

This shows A G T^-"'^^{[a,b]) where the statement about the range 
comes from the fact that the first isomorphism is zero for j < a and 
the second one is zero for j > b. Furthermore, if we apply u to the 
column containing A, we obtain a triangle 



uj{w>n+i{cr>c+i{X))) 



uiA) 



uj{w>n+i{cr<c{X))) ^ [l]a;(t(7>n+l(cr>c+l(-^))) 
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in which the first term is in T' 



!>n+l-b 



and the third term is in T' 



'to>n+l— c 



c 



^w>n+i-b^ Hence uj{A) = uj{w>n+iX) is in r"'-"+^"^ by Lemma | 
@. Similarly we treat B. D 
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